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ABSTRACT 

Laboratory to.st.s were LomiiKlcd on MlacCsd granular materials 
to detaralM the velocities ot pcopagation of tile shear and compression 
wavai and to evaluate the internal damping.  Test variables included 
the coiuiniiig pressure, amplitude of vibration, void ratio of the ma- 
terial, saturation, and grain size.  Resonant column tests were used 
for wave velocity evaluation, and the vibration decay tmahod and static 
torsion tests were used to determine damping.  The granular mo'.erials 
used were Ottawa Standard sand, two sizes of glass spheres, and a 
crushed quartz. 

Confining pressure had the most significant effect on velocities 
of wave propagation, with velocities increasing about with the 1/4 
pc  r of the confining pressure.  The effect of r.ore than 200 times 
increase in amplitude caused a reduction of wave velocity of only 10 
to 15 per cent.  The same order of reduction of wave velocity resulted 
from an increase of void ratio from the minimum to maximum value. 

Damping determined from the decay of steady state vibrations 
behaved like viscous damping.  The values of logarithmic decrement 
varied from about 0.02 to 0.20 for these materials and test conditions. 
Higher values of logarithmic decrement were ,.ound in the static torsion 
t'.sts because stresses up to 75 per cent of the failure conditions were 
used . 

\ A brief review of the literature is included und ■ metloc is 
indicated for evaluating the relative importance of dampLng through 
dissipat\on of energy by elastic waves and damping due Lu inteinal 
friction ^ithin the material. 

\ 
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INTROIJUCTIUN 

Iba objacl   ol   ilii.s  Lnvcstlgatlon wai to evaluate tin.1 üifluMica ot 

iiiijiuiLaiU   vat iab U'.s   on   tlM   "•laatic**  M«Va   ü'.op.n al ion   md  damping   in   sand.-, 

Thu.v,   Lt    is  a  study  oi  matiiia!   pre|Mrtt«l   alom.       Tlic   rcsulls  ol   this 

typ«   ol   lusts   provide   inlotmal ion  ul   ihv   variations   to  ba   inlioduifd   into 

theorits   ol   soi 1   st rue tare   inliiaclion   to  acCMial   Eel    the  bvhavior   ol 

real  sands.     Thus,   tin    test   data   lepresenl   iundameiitu 1   inlorniat ion '..hieh 

may  be  applied   to many  types  ol   design  eonsiderations. 

The methods   iui   evaluating   internal   damping   in   the material   requite 

ca Kulat ions   based  on  theory.     The  gMMTal   tluories  ae.iilable  are  destribed 

in   Seetiüii   [   utider   Review   oi   Previous   Work   and   tlu   details   of   the   partieulii 

theories  and   .'elinitioiio   Lo  be   uti    i^v'H   I:;   meetion  with  the  test   program 

are  given   la   See lion   IIt 

The   terms   used   ior   damping  art   applied   to   speeity   behavic   oi   1 hi 

sand ma;eiiai   alone.     Beeause   the  dynamie   behavior   ol    i   soi 1-str ut ture 

system   is   stmietiines  defined  by   fitting   it   into  the  oiu-debiee-ol-freedom 

systeiu with  viscous  damping,   there  have   been  numeroul   attempts   to  determine 

a  damping constant   for   the whole  system.     The  damping  constant   thus   detir- 

mined   includes   both   the   int-'inal   damping   in   the   sands   as  well   as   a  dissi- 

pation   of   energy   by   propagation   of   elastic   waves   developed   by   the   structure 

moving  against   the   soil.     Both   forms  of   damping  are  developed  whether   ■ 

single   impulsive   load  is  applied  or  whether   repeated   loads  occur.      In  order 

to  evaluate  the  dissipat iOti  damping  which   is  principally  a   fuiKtioii  ol 

geometry,   the   theory  of  an  oscillator   resliiij;   on  M  elastic   sen.i - inf init e 
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bod;,    it   ! •■ •. i. n il   hi itlls        frnm   tkil   ■MB^lt   HUli   tb«   tSBt   tat>   DU   inLcnil 

danping,  an asl nnau   CM he Md« oi   iiu   ilgnlficMKa oi  MCII>     U   is  impor- 

i .mi    to in.mU.iin  thi-  distinction   botwonn  dMiupiiiti which  üCLUIS  as  i'iuTjjy 

leaaoa i.iilii.i iln.   ^oii,  tMl diaaipation ui   aMicgy tbiougb gaoawtrlcal  ■■ 

ttibutloo oi wava aaotg)  ptopagation■ 

in ordi.r  LO avaluata Liu   v.ii iiii its Mblcb lufliwuea thi  'Vhstic" 

.>.>vi  ptepagatioa .ind iaayini In aaada,  taat^ tm mau   aalng •) ptocadttta 

baaed on ataady .siati  vibtatiooai    A tulumn ot  .sanj aacaacd in a rubbtr 

mcnibranL-  wa»  plau'd   in  a  tri.ixial   call   an 1  i xi i U d   into  cither   longitudinal 

or   torsional  osc i Hat ions.     Meaaiuraawnta  ot   the  apipliLudc  of   vibration 

resulting   troni  changes   ot   trequency  and   input   lorct   permit ted  an  evaluation 

of   the  wave   propagation  and   internal  danipinj;   in   tlM   st)ecinien  under   tlu 

particular   test   conditions.     The  eltects  ot   amplitude  ol   resonant   ostili- 

• it ion,   tonlii.ing  pressure,   saturation,   and  grain  characteristics were 

studied. 

The   resonant   column method was  chosen   in  preteieiice   to  the  single 

pulse method  for  this  study   in  ordti   to obtain  both  the   longitudinal   and 

shear  wave  propagation  velocities   in  the   soil   structure  und>.r  '.'out ro I led 

amplitude   conditions.      In  I  saturated  soil,   longitudinal   waves  are   prop- 

agated  both   in  the   fluid  and   in  the  soil   structure  and  some  of   the   test 

datfl   previously   reported   in  the   literature  have   indicated  that   difficulties 

arise   in  separating  the   cwo affects when  only   transmicted  pulses were  used 

In   the  resona-it   column method  control   and  evaluation  of   the  ampiiLuuc   uf 

oscillation  for   both   1onyitudinil  and   torsional  modes  ol   oscillation   is 

relatively  easy. 

The   studies  of   damping were  carried  oat   using  the  resonant   column 

apparatus   by  measuring  the  decay  of   amplitude  ol   oaclllatiOT  aiter   the  di;>ing 

i 
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power w.is uirn. ., .ill.  Values vi   iht damiin^ quiniilus iMCfl MAMTtd fot 'he 

sdire series oi   v.iiiiiil"-: u^eil foi Ihe wave prODAgatlon Itu4i'4<  A -ep.rit. 

.•tries .if lursuiii tesi s Ming upeJted static load'i on i sun IPU i ol dense 

Ottawa sand w.i~ conducted l'>r the purpose of evtiuitinH the effe.t:.  ! ; it- 

strain and stress history on dimpin^. 

The ampl it udjs of motion considered in the resonant vibr it ion tests 

varied from about 1 x 10'^ in  to I x 10'^ in. double amplitude in longi- 

tudinal oscillation and from about 1 x 10"5 to 1.5 x 10'^ rid  double -impli 

LuJe in torslonal oscillation.  For the lower confining pressures, the 

average stresses developed by these motions m»*mt**4  to about 20 per cent 

of the ultimate shear stress.  The amplitudes were restricted to this magnitude 

to ensure that the grain stucluie was not altered significantly during the 

course of the test and that the wave propagation ind damping values corre- 

sponded to the "elastic" range.  However, in the repeated «tatic torsion 

tests the maximum stress in a few tests reached 75 per cent of the ultimate 

stress.  In the test program proposed for the continuing work It Is planneci 

to use amplltuc.es which definitely cause a breakdown of the grain structure 

and compaction of the samole during vibratory or Impact loads. 
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I.  UVUM OP PRl'VIOUS WORK ON 

WAVK PROFAGATIÜN AND DAMPING IN SOILS 

A.  THEORIKS OF KLASTIC WAVE PROPAGATION 

Kl.'.^'.ic waves in iJe.il clastic holid.s 

In an infinite, elastic isotropit, iiomogeneous body a disturbance 

lüay be pi^pagaled by waves o£ volume change, designated as the compression 

wave, push wave, or P-wave, and \iy  waves of distortion at constant volume 

designated as the shear wave, transverse wave, or S-wave.  The compression 

and shear waves also transmit disturbances throughout the interior of a 

semi-inf inite c!a;:tic, ijotropic, homogeneous body, but because of the free 

surface a third type of wave appears (Rayleigh, 18Ö5).  This surface wave 

has been designated as the Rayluigh wave or R-wavc.  A comprehensive study 

of the development and propagation of the surface Rayleigh wa>'e caused by 

an impLlse applied at the surface or at   A  point below the surface of an 

elastic, Isotropie, homogeneous body was given l'> Lamb (1904).  This classic 

paper bv Lamb is the starting point for many theories which have been 

developed during the past half century for treating impulsive loadings 

acting on various segments of the surface of the semi-infinite body.  The 

relationship between the velocities of the P-wave, S-wave, and R-wave has 

been given by Knopoff (1952) as a function of the Poisson's ratio, J6C , 

of the elastic material.  The velocity of tlio S-wave is given by 

nrs = 6>   _     _c_ 
r       v z0 
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in whlcti G is Liu' S!K ar modMlus sf el^sttclty, Q is tlu- unit weicht, and 

A5 is tho mass di-nsity ol llM r-lasti'. material lablo I ^ives the ratio 

of the  velocities   of  the  P~wnvo  .ind  R-i;ave   as   i   function  of   /Xr    And   AA. 

TARl.K  I 

Poisson's /jr /yj, 

M- W It 
0 0,8/3 1.^18 
0.1 0.893 1.493 
0.2 0 911 1 .626 
0.3 0.927 1.869 
0.4 0 942 2.439 
0.5 0 9r,r) cO 

Additional waves appear in non-lsotropir or layered materials and 

these arc described by Leet (1950), and treated extensively In the book 

by Ewing, Jardetzky, and Press (1957). The mathematical theories which 

treat tho reflection, refraction, and propacatior. of waves Into and through 

(lasrlc solids have been highly developed by mathematicians and seismolo- 

gists, and are now being applied to the study of blast effects within a 

seml-lnflnlte elastic body.  (See, for example. Miles (1960), Serbln (1Q60), 

and Baron and Matthews (1961).) 

Dissipation of wave energy In elastic solids 

Theoretical treatments of elastic wave enerpy dissipation in elastic 

bodies have also developed from Lamb (1904). Miller and Pursey (1955) deter- 

mined analytically the distribution of energy between the compression, shear 

and Rayleigh waves caused by a single, or a group of single loads, acting 

on the surface of a semi-lnfinlte solid.  When the solid has a Poisson's 

ratio of 0.25, they found for the case of a single source of vertical 

I 
I 
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loading  iri   LlK'   UIC   surlacc   Llial   ü?   pur   CMt   ol   the   MMCgJf  was   dis.si- 

pat«d   •!  J   Raytaigh   (aurfaca)  wave,   26  pel   c«.nt   as   Lhu   shear  wave, 

■Bd   '   pal    cant   at,   a  i ompiess ion  wive.      Reis-.iier   (1937)   showeH   that 

'..hm   purely   LMisioual   ose i i ial ioi)'.  wel e   appliid   at   the   surfarc   ol   a 

semi • inl in i I e ,   huniogeneous ,   isüttüpie.   elastic   body,   no   surface  v.'aves 

(Kivleigh  w.iveh)  were  dev' loped,   but   that   ..11   the wave  energy  was 

diractad  downward   into  the  body.     Sato   (1951)   determined  theoretitally 

the  combination  ol   vertical   and  horizontal  pulsating  torces  acting 

along  the  perimeter  of  a circle  at  the  surface  of   a  semi-infinite 

elastic   body   to  produce  a   system ol  waves  giving  no  Rayleigh  waves. 

This   treatment   is  of   academic   interest   only,   while  Reissner's   results 

may  have practical   significance. 

The  dispersion  of  energy  by  the  propagation  of   clastic  waves  out- 

ward  from  the   source  establishes  a quantity which may  be  termed  a  geo- 

metrical  or   dispersion  type  ol   damping.     This  occurs   in   structure- 

elastic  body   systems   in '..'hirh  there   is  no   loss  of  energy  through   internal 

damping within  the  elastic material.     The concept  of  energy   losses 

through  radiation  by  elastic  waves applies  equally well  to the  cases  of 

impulsive  or  repeated  loariings  on  footings  supported  by  an  elastic  body, 

or   for  the   supporting portion  of  burled  structures. 

In  order  to  Illustrate  the characteristics  of  this  geometrica' 

type  of  damping,   the  theory  for  oscillators  resting on  the  surface  of 

an  elastic   semi-infinite  body   is  diiscribed   in   Section   II-D.     This  treat- 

ment   is  based  on   the  theories  developed  by  Reis^ncr   (1936)   and   Sung   (1953) 

and   includes  recent  elaborations  prepared  by  Hsieh   (1962). 
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Li as tu waveb in puruus <.• Idst ic solids 

A 'loser approy tniat ir.n to the treatmept of elastic waves in soils 

IM- het'ii inaJo by investigators who consider the behavior of a porouc elastic- 

solid in which the pores were filled with a viscous fluid, either air or 

water.  Morse (1952) considered a medium consisting of solid granular 

materials and fluid which filled the voids.  Thin he assumed the grains 

to be motionless and incompressible, thereby restricting his analysis to 

the wave propagated in the flu'd, and evaluated the dissipation of the wave 

energy by viscous flow through the pores.  Sato (1952) treated a sphere of 

material which contained a spherical hole full of fluid.  Then he r^plarpH 

this system by a sphere of different radius (but with the original com- 

pressibility) of homogeneous material and determined the elastic wave 

velocities trom this adjusted structure.  Thus he Ignored the fluid motion. 

Kosten and Zwikker (1949), Paterson (1955), Brandt (1955), and Blot (1956) 

studied the elastic waves propagated in saturated porous materials.  Ex- 

pressions for the compression waves propagated in the fluid, and the com- 

pression and shear waves propagated in the solid structure as well as the 

coupling between the pore and frame wavfs were presented.  Paterson In- 

cluded his test results obtained for longitudinal waves in saturated sand 

with various confining pressures, and Brandt demonstrated the correlation 

between his theoretical results and previously published data. 

The theories of waves propagated in porous elastic solids represent 

the best approximation to granular solids when the rigidity of the structural 

ftamework of the soils is analyzed by considering it as an aggregate of 

elastic spheres.  This was done first by Hara (1935).  Gassnan (1951) ob- 

tained a solution for the propagation of elastic waves in a fluid saturated 

and dry hexagonal packing of spheres.  However, he treated only the cases 
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0£ ro ,   upltiiM    ad p«r£«ti   coapliai bctwMfl •^•r«t «id he coMldcrsd 

ol,lv   ih.   ,,■       ■   con)   l   •    fore«  between  th«  ipll   r«l  U   giVM  by   the   Rtrtl 

,„.,,„.      ;,.,,,   rcccnl ;., Duffy «rf Niwilln (IW7) IMV« derived ihe diffwcnl l.l 

,        ,   ,,,!.,, tong     i   i   i, ,v   COV   lfter*4   tlM  »•»•   pi-wpaj''t ion   in   *   I  ..-  ■ 

,,,„ u    Brra)   ol   BlMtlC    ipiMrci   Ln contact.     Thev   considered   bolh 

inul   nid tmigontUl  contact  fercca,    The work ot   Kosten and Zwikkei 

Ltl   nodll iealions   by   i'aterson,   and   lhal   ol   Bianit,   BioL ,   U*  Dufly  and 

MMJII,, were  analyzeJ  and  MVollMtOd   lor  an  example  correspondinK  to  Ott.'.wa 

■tandntd   -and  by  Hardin   (1961). 

foi   the  problem  oi   a   f luid--s..u,tat ed  aggregate  of   sHhfcri>;aL  particles, 

the   theoretical   treatmenl    indicates  that   the  iUCVftod   fluid wave  has  a 

velocity   .slightly   higher   tkM  the  velocity   ot    sound   in water.     This   is  due 

to  the  coupled  motions  ot   the   frame  and  the  fluid.     Both   the  rigidi,.y  of 

the  frame  and   the   smaller  compressibility  ol   the   solid material   cause  this 

increase   in  velocity.     Ihil  disturbed   fluid MW«   is  neatly   independent   of 

the  presscre   in  the  ranges  normally  considered   In  soil   mechanics.     Both  ol 

tin   Itame  waves,   the  compression  and   shr.ir v.ive-,  were   1 ound  to v try  will 

the   1/b  power   ol   the  confining  pressure,  which   Is   in  accordance  with   the 

th'.-ory  ol   • last ic   spheres   in contact. 

B.     TESTS  OF  ELASTIC WAVE  FR0FAGAT10N 

Field  data 

The science of seismologv inc ludes met hods £OL evaluating the 

effective elastic constants of the materials which form the earth.  The 

major part of this work has been concerned with large volumes of materials 

or distances measured in thousands of feet or miles.  Hvoislev (1948) has 

given I concise revijw ol seismic methods and has compiled a diagran whicb 



thi- viti   tlon ol   tha eoBprcaiion w.ivr vclo Ity for   loiis ,md rocks. 

i  bl   ■  which |lva ChaM varlationi   Ln iMva valoclciai lor Mitarlali 

grouped  .       i H n, .   Looa«  c it igoriaf iiava alao baan K''>'l,,, hy Hifphy  (1958) 

n9S0)i   ind niaaaroua tthat authoraa    For the purpose ol   llluatrat 

Tabla   ll   reproducrs  tba  äat,i given by  Leel. 

TABLE   I I 

Matarlal Velocity   (tt/sec) 

Sar.u  65Ü-6500 
LMSI --  1000-2000 
Artifi   ! ll Pill   1000-2000 
Alluvium    ----..-      .    1600-6500 
Loam  2600-3900 
Clay -  3300-9?00 
Marl   5900-12,500 
Salt       - 15,000 
Sandstone ------   ...-..-._.. 4600-14.100 
Limestone --------   .... 5600-21,000 
Slate and Shale ........  7^00-15,400 
Granite  13,000-18,700 

The  values  of  velocity  given   In Table   II   rcpraaaat   tha  iange  ot   observed 

values  for  the mateiials which  fall   under  the  |MMt*l   cat*(0(iaG  noted. 

As  a  result,  these  values  have  use  only as  a very crude  first   approxi- 

mation  to the compressicn wa.e  velocity   in  a  partiCUlM   volume of   soil. 

In order   to determine  th-.'  velocities  of  propagation  of  "elastic" 

waves   In  soils within   localized  zones,   RamspecK  and  Müller   (1936)   (DEGEBO) 

made  extensive  field tests on different   soils  by  using a rot^cing mass  type 

oscillator  to excite  steady  state  waves   in  the  soil.     Their   test  results 

have been reproduced repeatedly   in papers written by  o;her   authors   since 

that   time,   often without    i  satisfactory  reference  given  to  the   source  ot 

the   Information.     Table   111  Is  ■  rorodu^t Ion,   once more,   ot   the   summary 
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tabl»  fron pi   ■    ind  Nullai   (with tlM canprctsion w.ivf vi'luiHy  con- 

vcrl td Co u fan ). 

TAMM'    111 

M.it<.'V i il 

J ■ thick rwamp 
ovci auaa 260 

Flour sand 360 
TVrtiary clay-diunp 430 
Loaii> fine sand 460 
Damp niüdium sand 460 
Jura clay, damp 490 
Old plied sand-slag 530 
Medium sand and 

water 530 
Dry medium sand 530 
Loamy sard over 

marl 360 
Gravel with stones 590 
Damp I jam 620 
Rocky marl 620 
Fine sand + J07, 

ir.ed. sand 620 
Dry sand + 1ime 

fragments 660 
Med. sand-undisturbed 7 20 
Marl 720 
Gravel under 4 m 

sand 1080 
Large gravel, eom- 

pact 380 
Mixed sandstone 1640 
Mediuni hard red niacl 2130 
Mixed sandstone J600 

Resunant 
Compressiün  Wave       Frequency  of   the 
Velocity   (ft/sec)     DKGEbO OSCILLATOR 

cps 

19.3 
21.8 
70.7 

21.8 

22 

22.6 
23.5 
73.6 
'3.8 

24.2 

25.3 

25.7 

30 
32 

Allowable Bearing 
capacity of the Soil 

(kg/CBM 

.5 

.5 

4.5 

4.5 

Because a single value of velocity was given for each type of materia', 

the Information In Table ill has often been used with considerably more 

confidence  than   is Justified. 



I 

Nmbari oi   tha larth^iMka toMarch Institute   In Japan iiava also 

ui.       ny mitataadlng cootributioaa i >. tba stu.Jv oi al«atic wave pcuaa« 

gatioaa La aoila.    Pot tnataaca, Raa« (1949) used ■ sieidy state sacil- 

lator to del«) itn« Lba valocitiai ol   tha coapraaaton   ati  ibaai waves  | 

;•■   Tokyo  and   Iroin   the;.,    n ■. isured  velocities   he  computed   the   .listii 

Oil   COOaCaaCB^     The  velocities were  determined  hetween   I tie   soil   surface 

and  a depth  of   10 meters.     ?or  this  material   he   found   that   the  computed 

shear  modulus  of  elasticity,   G,   and   the  Poisson's  ratio  varied  from 670  psi 

and  0.M  at   the  Mir face  t I  8900 psi   and  0.A3  at   a  depth   of   10 meter j,   re- 

spectively.     This   is  one  of   the many   illustrations  from  field measurements 

that  even  for cohesi>. e materials  the wave  velocities  and  elastic   constants 

vary markedly with  depth,   or  overburden pressure. 

The  use  of   pulse  techniques  or   steady  state vibrations  for  purposes 

of  evaluating  the   properties  of   soil    in  a   parliciMr   locality  has  been 

Lcrmcd  "M/croGcismic-" by  Bernhard   (1957)   to designate  the  propagation  and 

evaluation  of  elastic  wnves   in   soils  within  |  distance   of   a  few  hundred 

feet.     He has described numerous   evaluations  of   soil  propprties  determined 

from the  elastic waves  generated  hy  his  si. dally  de-igned mechanical  oscil- 

lator.     The  use of   steady   state  vibrations  lor   ficlu  .valuations  of   sub- 

base conditions of  highways  and airports has  become  [airly common  during  the 

past  decade. [^Van  der   Poe 1   (1948,   1953),   b^rgstum and  Linderholm   (1946). 

Jones   (1958)j    Papers  presented  at   the  Symposium  on Vibration  Testing of 

Roads  and  Runways,   Amsterdam   (1959),   and  Heukelom and  Foster   (19b0),   lor 

example,   all  described  the  techniques   and  signilicame  of   the  results  which 

have  been  obtained   by  this  method.      Jt   appears   that   the  vibrotlon   test 

represents  a non-destructive  dynamic   equivalent  of  the  plate  bearing test. 

with  the  added  advantage  that   by  changing  the  frequency,   different   depths 



I 1-9 

•oll i in in  brougbl   Into tb# r.ir.gL' ul  tho toatt 

Tin im iijui's   for   cvii Lujt in^   »oil   ptopcrtioi    by  analyzing  t iu   Blastic 

W«V«a     ■ iKi .iti'd  by  .1   single   lapulaa  luivu,   ol   course,   bwn  used  extensively 

in Miamoioglcal  proapacting«    ■••,  foi example, Doualakl  (lfM)<    U ually, 

i    ".ill exploaion i.1- used to gaaarata tba  impulse.    toflMtioii   voA rad u 

leilmiques  luae   alao  been   used  for   i,o.ali;.L-d  i;onc3,   par: icu 1 .a ly   in 

highway  work,   in whieh  the   in,pulse   is  gaacratad  by   a  'uamnier   blow  on   the   sur- 

face.     The purpose  of   this  type  of   s.iivey   is  itatially  to   locata   the   Interfaces 

between  «HffereiU   soil  typet   or   to  deterniine  the   surface  elevation  of   rock. 

Another   variation of   this  concept   ot   evaluating  soil  constants   by  a  pulse 

technique  involves  pulsing between  small  transducers  plared on  or   slightly 

into  the   soil.     lUumlton.   Shuiiway,   Menard,   and  Shipek   (195h)   have  used  this 

technique  to measure   the  sound  velocities   of   sediments  on  the   sea bottom. 

By  this method,   they  have  determined  the  Vflloctty  of   the  coupled   fluid wave. 

The  transducers were   set   into  the   sea  nottoni  by   divers. 

At   the  present   time,   the  use  of   steady   state oscillators   on  the 

ground  surf act.   appears   to be  developing   into  a  standard   tool   for   a   localized 

evaluation  of   the dynamic   soil   ionstants.     The  pro. edure  described  by   Heuk- 

elom  and Foster   (1960)   for  deterniiaing  the   LaCWfacaa   between   layers   in  the 

soil   appears   to work,   but   the   theoretical   justification  of  the   reason   for 

plotting  the me isured velocity  against  a depth  corresponding to one-half  the 

wave   length  does  not   appear   to  be   readily   available.     The method  of   pulsing 

between  probes also has  interesting  possibilities,  but   for  evaluation  of   the 

frame waves,   some  alternate  procedure   should  be  developed  to  produce  and 

detect   shear  waves. 
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Iwo mothocl,.  arc   "t ten  u^eu   In   the   lahoralorv  to mf.isuro  the   dynamic 

profcttiei or Mittrlals«    in tb« first method a cyllndrtcAl COIIBM of tho 

liii   la  .-ut    Into   n-boaancc   by  I   variable  frequency exciter,   anJ   i !u- 

Vt LocitlSI  and  alaaCtc   properties  are  compnred  from  the   äyntmit 

■   oi   the   sample   to changes   in   trequeiuy.     The  equations   for   (omputin;- 

i he   elastic   constants   from  the   resonant   column  tests were  given  by   Pickett 

(IS^S).     Both   longitudinal   and   torsional  mode-,  of   osculation  are  used.      In 

the   second method  a pulse   la  sent   through  the   sample  and  the   cime  delay   is 

measured.     A review of   the  sonic  ;ii; u   ids  for  determining  the  mechanical 

properties  of  materials   is  given  ay  Kessler  and  Chang  (1957), 

Birch  and Bancroft   (19'Jö,   1938,   1940)  made  extensive  use of   the 

resonant   column method   for  evaluating  the  elastic   constants   of  rocks   under 

j 
variable   temperatures   and  pressures  up  to 9000 kg/cm".     They   found  an  appreci- 

able   Increase  in  shear wave velocity  wrth  pressure.     [i, tests  to evaluate 

the  effects of  frequency,   they   found  an   influence  of   less  than   I  per   rent 

on   the wave velocities  within  a   frequency   rjnge  of   140*4S0Q  eps.     Pc;iel- 

ni.:k  and  Uuterbridge   (1961)  also  found  the  effect   of   frequency  to be  unim- 

portant.     For  a  range   from 4  to   10'   cps  the   shear  -.rxluius  of   Solenhofeii 

limestone varied  less  than  2  per  cent. 

lida   (19J9)  also determined  the  elastic   constants of   rock by  the 

resonance method,   then  ran  extensive  tests  on  sands   ([Ida   19J8.   1939,   1940). 

Priwrily  he  determined  the   longitudinal  wave  velocities  but   he   Included 

some  tests  for  the torsional wave  velocities  on dry and  saturated  sands. 

He  used  vertical  cylinders  of   sand  retained  only  by  thin cellophane   shells 

such  that   the  only confining pressure  nf  the material  at  any  depth wa.^  pro 

duccd  by   the  overburden.      In  his  tests  to tvaluate  the  effects  of   change  of 
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water cnnt«nt,  h« Couad  tli.a  !>'.■   Lnct*a»ia| t lu- water conttiu,   the  shear 

modulus  wai  iraatlcall)   rediked.   II iii^'iL   be  arl 11; ipated  for   sards   under 

.lil ions  .-l    low  .nnt iiiiu^  |]i L'S-ures.     He   touml  tuat   lor   a  partieular 

watai  content,  th« i iva valociti« raaacd approxim.itelv  in proportion 

to I'U
1
  I'o jioui i  o(  ilu-- iiLiglu   ut  tb<   ipaciaMii 

The   raaultl  Ol   tlie   tests   bv  Matsukaw.i  and  Hunter   (193b),   Duffy  ud 

Mii.dln;   (145/),   Shannon,   Y,imniane,    ind  Dietrieh   (1959),   i-nd   laylor   and 

Whitnan   (1954)  were  summarized   in  Ki^.   6  of   tin-  paper  by  Richart   fl960). 

from this  g.oup of   test   resuits   ^.i granular materials,   it   is  seen  that   the 

wave  vtloeitles   fnerease  ut   a  rute  between  the   l/'i   and  1/6  power   of   the 

coi lining  pressure.     Further   tot,t   data  by  Hardin   (1961)  on   Ottawa   sand 

also  snows   this  behavior.     However,   tor materials  designated  as  granular 

materials,   Snioots,   Stickel   and  Fischer   (1961)   report   a much  wider   "ariation 

in  the  eltect  of  confining  pressure  on   the wave velocities.     Wilson  and  Miller 

(19ol)   give  results  for materials  ranging  from  "medium  fine  clean   sand"  to 

"clayey  gravelly  sand" and  found  the   slopes   at   the  compression wave  velocity 

^s.   confining  pressure  curves   (plotted  nn   fho   log-log  scale)   to  be   1/6  or 

lower.     Generally  the  clean materials   followed  the   I/o  slope  and  the ma- 

terials  having  some clay  content   showed  the  flatter   slope. 

From  the   test   results  gathered   together   up  to  the   present   t lire,   it 

appears  that   the  elastic  wave   velocities   (both  compression  and  shear   for 

clean granular materii«Is) increase about   in  pronurt ion  to  th«.   1/6  pOWM  of 

the confining pressure  at  relatively  high pressures,  and may drop  off  to 

about   proportional  to  the   1/4   power   at   low  or  moderate pressures.     This 

means  that  the  elastic  modu'i  vary with  a  power  of   the confining  pressure 

between  Ü.JJ  and  0.50.     Uardin   (1941)   showed  the   xnlluence  of   change   in  void 

r^tio  for  Ottawa  standard  sand,   which  brings  out  the  possiDilitv   that   some 



"'   tJw  »t« 99t ilop»» i'i: ■  Lnclud« the iffecti ul void ratio CIUUIMI, 

rot  tilti   uid 1 layi tha affvcl   ■!  coafinln| prcasura   ire not  v< t 

1 lv 'lei i;i.'.i.    $ama data an elaya  allow hv Hr.uidt  n9'j5),   md iiiit  givon 

^    Hilaoo   uid Diatri  h  (lybj)   lllyntrata axtraiM raagai   >!   tha affact< 

cooClntai proaour« 00 tba eoBpraaalog mmn velocity,    A tew pilot  te^t« by 

H.irdin (1961) help lo point out lOM of the prohlens involved In testing 

tine-,;r,lined materials hy the resonance MCbod,  lludin used crushed quartz 

powder of which 100 per cent passed the No. 200 sieve and about 80 per cent 

;)as^..d the No. 400 sieve  The min..nuni and miximum void ratios obtained for 

this material were 0.7b wd 3.03.  Aa the pressure was Increased to the next 

test pressure, consolidation of the miterial occurred and moved the dynamic 

response of the specimen into the regime of the new slightly lower void 

ratio.  As P   result of the consolidation which occurred the process of 

increasing the test pressures, the resultant test curve had a slope greater 

than 1/6.  Upon reducing the pressure bv increments. a"d 'neasuring the 

dynamic properties at each of these steps, M was found that the effect of 

pressure was relatively insignificant be IU-.C the shear wave velocity varied 

approximately as the 1/11 nower of the proaaura valut. 

The pulse method his been used for studying the effects of consolida- 

tion on elastic wave velocities and dynap.ic moduli.  Liughton (iqs?1» deter- 

ined the variation of the compression wave with confining pressure, «nd 

whitman, Roberts, and Mao (1960) have reviewed Laughtonrs work particularly 

with respect to the effects of degree of consolidation, as well «a i ont r ib'Jt ing 

new information obtained by the pulse method.  The pul -e method is par- 

ticularly well suited for the problem of measuring the difference between the 

lastic wave velocities in the horizontal and verfal directions.  Ward, 

Samuels, and Butler (1959) used the pulse technique on undisl.urbed klocka 
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i'i i      rently with no confining prcatur<     In oedsr to del tnIna f'n.- 

■ I     • . i -. 

Thus,   1   s    l llMd   to   La M  h ivp   iht'  prohlen  of   eonsolid.ji ii"i 

th«   Incn loadiBg,   mi   iftet unloading wi bivt tlM   .ft..:     I 

LMMtlc   •<nd cOHptoliandv«   LnvostlgAtloaa nual   Ix      td« to 

tc   the  effcils  of   soil  t ompotiit ion  and   itructUT«!  viler   conCMll ,   con 

t Lnlng  iTi'   sun-,   prestress,   and  other   varK'hlcs  on   tht  dynamic   proptrfies 

l    ^ ; 11 s  md  c lay   :ü11S, 

[I   should  bo  noted  that  mui h  of   the  significant  work   in the  dynamic 

propertie-  of   soils   h.is  been  catried  OVU   willun  the   past   ten  years,   and 

Hi.n   ^n  accelerated  activity  has  occurred within  the  past   three  or  four 

vears. 

C.     DAMPING  OF   KLAS'l IC WAVKS   IN  SOILS 

Many  field   investigations   have   been m ide  of   the  effect;  of   elastic 

wave  propagation  and  its  effect   on  structure     u   some  distance  from  the 

source  of  vibrations.     Crandi'11   (!Q^<^^   rodtirod   tht  o'-'scrvat ions  from 

numerous  tests  of   blasting and   its  affect!   M   structures  to equations  and 

design charts which may  be  used  to prevent   structural   ilarnge,     Steffens 

(1952)   and  the   Building  Research   Station   (ly^)   iMV«  deteriii ued  the  vibration 

intensity which  causes various degrees  of   struituril   damage,   and Rtiher 

ind  Meister   ('1931)   have  determined   the  human   sensitivity  to  vibritions, 

These   studic:;  renrtsent   analyses   of   the  effert-s of   vibrations which may  be 

transmitted  through   soils.     What   is   lacking   is  a good   understanding  of   the 

nropagat ion  and dissipation  of   th's  w.ive  energy  between  t'no   source  and  Che 

responding  structure. 



itl<  L.ivis which   at  di'vi.'K>|)iiJ tz<M ■<  locsliscd iourc« tecfMiM 

plltud« Kith distanci ttom th» ■ourc*.    fot uin." i-lastie,   liotroptci 

tgeiMOU«,   tMli'lnfinlt*  body.   Lamb   (190'.)   found  th.it   bolli  tht hetlSODl 

■II i    il   canpOOfl 'Is   .it   the   Hi'. I'.ii'b  !»•¥•   dinpiiLudc   dimiu;   "   tccora 

CO   tin    LM   ')1   .tmuil.tr   divi'tgenci-   (I.«-',   w   • ii   /'   z;.      ! tu s   icuuiLion   oi   Witvi 

plltudt   is  due  to geometry  ftloOCi   because  tbe  cs-umpt ion uf  an   idi.-al 

olastic   body   precludes  rnirgy   losses  because  of   internal   d imping within 

t.lie  medium. 

In   soils,   it   is  desirab.     tilt   the wave  MMKgy   de-olopcU by  blast 

loads,   pile  driving,   reciprocating .rachinerv,   or  consttuetion opeiations  be 

absorbed  by   the   supporting  soil   and  not   transmitted   to neighboring  structures. 

Consequently,   it   is  desirable  to evaluate  the  factors  that  contribute  to  the 

damping capacity  of  different   types  of  soils 

Kintrop   (1911) made  the   first  comprehensive  study  of  the energy  tr^ns 

mitted  through  soils  to nearby  sUuctuns.     He  used  a  single  impact  developed 

by  dropping a A000 kg ball  through  ^  Matcnr.«  of   14 meters,   and  using a 

seismograph which had  I magnification  ot   30,000 times,   he obtained  readings 

up  to  2.3 km  awav.     The  soil  was  a   stiff  clav.     He  also  used   steadv   state 

vibrations which were  generated  by  borizontal■■ ■ 1 inder   type coal-gas  engines 

which  operated  at   140-160 tfm  and  generated   luge  unbalanced  forces   (up  to 

17,000 kg horizontally,   25,000 kg  verticilh ).     Readings  were made 400 m 

away.     Bornitz   (1931)  made  similar  observations   in  the  neighborliood  of  a 

large  bore,   slow  speed machine,   and   LOOI;  measurc.nents  at   different   depths 

on the  boundary of  a convenient  vertical mine  shaft,   down  to   i  depth  of  250 m. 

He  described  the amplitude  of   the  propagated wave  as 

Ü 

'Vf /^ y* - y- y-K  c 
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■ i ■       •/,      Ll   thl    .ii!i|> I i l niJr   at   diil   Miii       -'ri    ,        (f)        i;   L lie   Mylttlld«    H 

tc«     * ■     ,    "i     .'        j^ defined   it u .nisiiibi 'mi coefficient   (in LL« 

i   ceceni   Literetur«   on a. .irtii^,  tbe quantity     c^-      corteapondi to th 

• ■'it i^'j ittenuatlon, which  li   i m^Aaure of tbe decay  In iTitcnait; 

: r ii dill in« e>.  [n Eq. (1>2) it i    n thai 

tlltude vaiic.s both a.s a function ol tin.' annul« divecgencei ai notfü by 

b (1904)i and ai a CuMCtlM Bf the absorbt:on coef f i L-lent , &■      .     Vslut's 

■ i      were cK'turnunc-u as 0.00001/a I .'t l hi.- .nushv soil of the Oder rivei 

1 I .is, 0.()(Jl/m tot a deposit of loamy, tlayev soil, and 0 003/in for a layer 

of fine•grainej, dense drv sand over a liver of heavy elav.  These are only 

representative values, obtained for a partiiular amplituae of vibration at 

a particular trequency. 

Experimental results of the damping In various solid and granular 

materials have shown that damping occurs even for very small strains. 

Often this damping effect, or the deviction i rom Hooke';; law, Is not of 

practical importance but it is of consider.ill n. interest to evaluate the 

quantities which influence its magnitudr.  i he tests on st. el spheres by 

Duffy and Mindlin (1957) found I hat the logar ithmic decrenu.au was indeperdent 

of the amplitude of vibration within the ttttgß  I  »pi  --'   The energy dissi- 

pated per cycle varied with the square of thi- amplitude instead of i<s 

the cube, as predicted by iheoiy.  Knopoft and MacDonald (1958) found 

that the specific dissipation function (whiih contains the coefficient of 

attenuation, fX  ) was independent ot the Irequency over a range of 10'^ 

to 10 cps for solids other than ferromagnetic n.Uerial.  Data for Amherst 

sandstone showj that the logar i th'r.ic decrement was iidependent of frequencv 

in the drv condition, nut that it depended on frequency in the ■Olsl state 
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Nunciuu» other studies have boon uadc of part,-, oi the proL,lem of 

elasti, wave damping m solid materials, granular materials, or suspensions. 

Papers by Hamilton (MM), Nyborg, Rudnick, and Schilling (1950), Shumway 

(1^60). to note a few, have- e-th treated • part ot the prohiem by studyji: 

selected iiaterlals. 

I 
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II.     REVir.W OF  FUNDAMKNTAL CONCEPTS 

FOR ÜAMP1NO AND WAVE  PROPAGATION 

A.     ONE-nEGREE-OF-FREEUOM VIBRATIONS WITH  VISCOUS  DAMPING 

Beduse  the   terms  and  equations coi responding  to  tuis   theory  are 

applied   so  frequently   for   evaluation  of  damping,   a  brief   review   is  justified. 

The  components  of   the  vibrating 

systems,   shown  in  Fig.   2-1,   are  a  single 

weight     H    which   slides  on  a  f r ict ioulcss 

base,   an  elastic   spring with  a  sptiiii, constant 

Jb      ,   a dashpot   or   viscous   damper  which 

develops  a   force  directly  proportional 

to  the  velocity,   and  a  futcc   g(t)  varying 

with   time.     By  use  of   D'Alembert's  principle, 

the  equation  of  iqui.libr ium at  any   instant   is 

ru. 2-1 

$-   dt3- at 
(2-n 

Deteiminat ion  of   logarithmic   decrement   from  free  vil.atious  with  viscous 

damping 

For   the  special case when     Q(L)  -  C,   we  have   free  vibrations with 

viscous  damping and  Eq.   (2-1)  may  be  rearranged  to read. 
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^ * %% "*'* -o 
(2-2) 

in  whicli 

.inJ 

/77     - JA. 

üj       - 

9- 
tt 
w 

lb«   snidlii'sr   amount   n!   damping  required  to prevent   periodic  motion   is 

tailed  the   'Vriticiil  damping."     Its  value   is  expressed   uy 

Q« =Zmcü --Zm/~   - zfö"1 
(2-3) 

The case of most interest for the material damping problem is that for 

underdamping, in which periodic motion occurs with amplitudes decreaciiig 

with time.  For this rase the solution of l>|. (2-2) is 

X- <f 

in which 

Zm c Vo+Z/nXo 

X. cos/^W * V^l? -^W * (2-4) 

Xo 

K 
e 

is  an   initial  displacement  at   time     t  =  0 

is  an   initial  velocity  at   I ime     t   -  0 

is  the   base  of   natural   logarithms. 

On  a  plot   of  displacement   vs.   time   (Fig.   ?-2),   Eq.   (2-3)  defines  a   sinusoidal 

type curve with  decreasing  amplitude. 

li 
II 
II 
I 
II 
I 
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If wt' take advantn^e of the fact that tlM maximum point on the sin curvi is 

Zm very close to the point of tangency with the    f       curve, we can 

approximate the ratio of successive peaks,  #t)   and  X-j  , at the times 

ti       and  Zz     •     The interval   ^2"^    repr, ■;, :it->; th.. p*rtOd| I.  Thu 

■ -£- / 

6  fTn 
=  ff 

-hftz-t) 
m e 

AT (2-5) 

The period is equal to the reciprocal of the frequency of oscillation, or 

r - 2;r 

izm/ 
(2-6) 

Then by substituting Eq. (2-6) into (2-5) and taking the logarithm of 

both sides, 
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Jtn^ 
Zu an 

v   (aw/       v/ \Zmü) 

cT  - 
LOGARlTHHiC DECREMENT  (2-7) 

From Eq. (2-7) it is evidenc chat tor small valufs oi — 

S * tw-t 

rorced vibrations with  viscous  damping 

When  the  exciting  force  has  the   form 

4(t) -Q, sin UJ, t 

in which  (5'   is a constant, the solution of Eq, (2-1) determines the ampli- 

tude-frequency relation 

a 
x = % 

vP^ 
(2-8) 

■4- [? £- M 

Since ^| represents   the  static displacement,     ,Xs      .   of  the  systPti 

under   in   imnoseö   force  of magnitude     (-2/        ,   Eq.   (2-8)   is  often  rearranged 

I 
I 
I 



2-5 

i 
I 
I 

SO 

«40 

30 

20 

10 

8 

6 

5 

4 

3 

1.0 

0.8 

0.6 
0.5 

0.4 

O.-i 

0.2 

0.1 

Fig.  2-3.    Ainplitude-Firquency Curves  for One-Degree 
of Freedom System with Viscous Damping Constant Force Excitation. 
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üJ,")* \'-m * ZL^ 
(2-») 

I 
1 

aiul   is   leptcsuntfd  srHphii.ally   in  Fig.   2-J. 

Tiiu  exciting  EoCCfl may  ahso  be  developed  by  an  unbalanced mass 

at   an  eccentric   radius     g,
/       rotating at   the  exciting  frequency 

Then 

Q.(t) - m.e,^ sin co, t 
(2-10) 

With the exciting force defined by Eq. (2-10) the solution of Eq. (2-4) 

is 

X   B 

v /p-^r]2^ pfc if (2-11) 

I 
X Fig.   (2-6)   illustrates  the  relation  between        ''/rn,&, ancj   t^e  fre- 
/   m 

quency   ratio      ^>i /cü      for   different  values  of   the  damping   ratio     <'/CCR 

Damping  determined  from  the  amplitude-frequency  curve 

From computations  based  on   Eq.   (2-9)   for  the  constant   force   type  of 

excitation the   logarithmic  decrement  can be  defined   in  terms  taken directly 

from  an  experimental  amplitudc-f t equency  curve.     Tt   depends  piimarily   oi. 

the  frequency  range  bounded  by   tile  curve  at   a  specified  amplitude       ihe 



I 
[cm i a i  > Kpreaai tm is 

r r , <JZ- tfiiiV  /   1 (2-12) 

usually LIU- tcims in Lht- bratkcls aru nearly equal, 

to l Ü For convenient«.', Eq (2-12) i» ulLun used 

in  one  of   the  follnwing  forms 

S -   rr AffiTonoiAm**. 
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Fie.   2-5 

FREQUENCY 

B.  ADDITIONAL MLTHOÜS FOR EVALUAlIMG MATERIAL DAMPING 

i 

The literature covering internal dcmping in materials, particularly 

for metala, is voluminous.  An inJieation of the type of work represented 

in these studies may be fuunu in the rele'.jnces in the report of Jensen 

(1959) or in the bibliography prepared by Den.er (1956).  The terminoiogy 

and definitions used in the following paragraphs will follow those given by 

Jensen. 

One list of the quantitative expressions used to define the internal 

damping of materials includes:  viscosity, damping capacity, constant of 

internal friction, hysteretic constant, specific damping capacity, log- 

arithmic decrement, elastic-phase constant, and coefficient of internal 
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Fig. 2-6. Amplitude-Frequency Curves f.n One-Deeroe of 
Freed« System with Viscous Damping Rotating Mass Oscillator. 
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Lrktion.     OChcl   Canu  wb     h  ■   •   in   addtd   CO   l    I •   Lltl   %t»\     damping 

■odtllkM,   res.m .1 . i   ,,;, I 11 ii.il lui)  r.uiiii.   (Limping  factor,   spccilic   ddmpii.ri 

•ncrgy,   ■ttaaa*itraln plMM Migla,  sp^ciflt dissipation function,  <)iid 

• . nuat i w. 

Ul   tlicsc  terms,   the   logar ithn.K'   decrement   was described   i)1,   Eq.    (2   '} 

ana   the  resonance-.i^pl if icat ion   factor  was  described  gr^phlially   hv 

ti^.   (J-J)  and   its  relation  to  the   logaritlimu   decrement  was  defined  bv 

Kq.   (2-12).     A measure  of  the   force-displacement   phase angle can  also  be 

ohf-i i npt'i   frr.T-  ♦-Hp thi*nr\r described   in   Section  II-A, 

Specific   damping capacity 

The  term  "specific  damping capacity"  has  been used  to  indicate  the 

ratio of   the  energy  absorbed   in  one  rye 1c  of  vibrat <on  to the potential 

energy  at me-ximum dlsrlacement   in  that  cycle.     The  "damping capacity" 

thus  defined  has a fairly wide  acceptance  ami may   be expressed  in  per   cent 

or  as a  decimal.     In terms  of   the  stress-stvain diagram the  damping capacity 

represents  the  ratio of  the  area  enclosed  tiy  the  hysteresis   loop  to  the 

total   rtre.'  under  the  input  curve,   or 

^ 
AW 

W 
(2.13) 

The  relationship between  the  specific  damping capacity and  the   logarithmic 

decrement   for  a particular  decay  curve   is 

S*(/- *■") (2.14) 



^-iU 

.16 
By  expanding,  g Into a 

scru , .   I. (.   C<!- 1 .)   1.1 >  mes 

~      If        'Z'        3/ 

and   tor  small values  of       O ,    ft'--lLa. 

/Aim 

Attenuation constant and specif- 

ic dissipation function 

Often It Is desirable 

to evaluate the decrease In am- 

plitude uf vibration at a func- 

tion of distance from a source. In addition t > the reduction In amplitude 

ri«ii*Hil hy getimetrlcal dispersion of the wave c-nergy there is s reduction 

caused by energy losses within the soil. This is designated an "attenu- 

ation," a measure of energy loss as a function of distance and it la 

measured In terms of the coefficient of attenuation,  Q^ . The coef- 

ficient of attenuation Is related X»  the logarithmic decrement by 

J UfCoL 
to (2-16) 

In which C is  the phase velocity and      ^/zfT        i8   l:he   frequency of  the 

propagating wave. 

A variation of  this attenuation  ^ons'.ant  determines  thl  specific 

dissipation function.       //■»     .    Thus  the relation is 
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/ Z^C 
Q. 

(2-17) 
UJ 

flWWM» of thm aiMWtltt«I  used   to  ovaluatu  danu-i y   I rom   linuar  une-duKrcL ■ 

ol - l tcfdom  systtJiii WJLII  VliCQUg  Jainpin^, 

A «  amplitude  ol   Lhi-  vibrations  at   ■  ^iven   trcquuncy  ( 

Amax  " maxi"'ulTI  amplil-udi   ol   vituation 

=  pnasL   veloeit)   ul   WIVL   inopa^ation 

C 
jC|       ■  daiuping  ratio 

■''/i^- ■   frequency  of  vibration 

t0 ■   rtsonaut   frequency 

p -   specific'   damping  capacity 

1/^ »  sptvifit  dissipation  t unction 

W ■ maximum  energy  available   in  one  cycl« 

A V -  energy  dissipated   in  that   eye !.■ 

»  coefficient   of  attenuation 01 

i "   logarithmic  dicrement 

(-<->        «  angular   frequency   of   the  vibration 

s = 
2v Cue 

f 2rr 
c 

C CR 
(2-7) 

(7-12) 
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f zuy -zs 
- (/ - e    )   -   Zc(; U   '8) 

s 
Zw c (* 

UJ 

rr 
a (2   19) 

C. SYSTEM WITH  NüN-I,TNKAK   STR'-S';-STRAW   REUTIflM 

Nunitrous   solutiuns  arc  av;>ilablf   m   the   iittraturt'  conct'rning  the 

ampUtudf-trcquency  diagr ims which  result   trom  a  spring which  exhibits 

non-linear   characteristics.     Solutions   lor   some  of   these  problems  art- 

given  by  Timoshenko   (1955),   tor   MM|»1«. 

In  this   type  of  problem  the   loading and 

unloading curves  are   ulintical  and  no 

energy   is   lost  vithin  the  spring. 

A more  realistic   theory  has  been 

developed  by   Pisarenko   (1962)  which   in- 

cludes  both  the  non-linear   stress-strain 

relations  for   the material  and  the  energy 

losses  during a   loading cycle. 

Among  the  problems  treated  by 

Piiaienko was  that   for   fhi-  torsional 

oscillation  of   a circular   shaft  which  has  a  non-linear   stress-strain  relation- 

ship as   illustrated   in  Fig.   2-8.     The  details  of  this   solution are  reproduo ,1 I 
I 
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tot«   in   otdfi    tli.it    Lhf   fMMCitt«!   lavolvcd   as   wull   as   the amplitudi. 

i i    |u'n.si>  curva may   bj  lüinpaticl  will;   the  ixpi-r luental   data given   in 

toction  ill 

Hi   ■•■UM4   lli.it   lilt-  equation   tor   increasing  stress Is 

U-20) 

and  the  equation  for  decreasing   stress   it, 

e/n*   _ ^f 
c/ K', TMM       «^ / 

(2-20 

A'fiax.)        '*   '■'',"  amplitude  ot   the  sliear  vihration  and     P where       <7VY- 

and    5 are  hysteresis  parameters   to  be  determined  experimentally 

and   intestate   the  above  equations  we  have If we 1. et A« 5^/ 

f 9 (2-22) 

Equations (2-22) are integrated over a circular shaft to determine the 

expressions for moment.  These are substituted into the equilibrium 

equation which gives. 
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wlu-t«.      <p{*,t)     t«pr«»«Pti   tin'   Lwihl.   lloai  ttiL'  shall,       fe       is  a   small 

miramiUi,      -Z.    rcprCMBCl   Lli«-'   dttvl^   fOTC«   ana        ^('P',^) is   liiven  by 

*(*:*> *-? (-5 d» 

7L-/ 

A  solution  to  Eq.   (2-23)   is   sou^SiL   in  i hi.'   lorm 

-Co    i- C U),    -h t- u>? -f-   6^ 

<X ■ JL¥>6äC(  f ^ * —  i 

where ^c   is the amplitude ot vibrations, ^c   is tile natural frequency 

of vibrations of the bar and  CX       is the phase angle between force and 

displacement.  A solution which includes the first two terms of the series 

approximations given above is found for the boundary conditions of a bat 

fixed at both ends and is given by 

/errr    r  fa 
2_ ICOS    & sm* ta  c/x 

(2-24) 

(/ tcsef-z A.-I cosOdB   +Z&Ä    cot öC0 



I 
I 

sin !xc = 
.      A. I     At'-,    , * 

$, (A+3) £ A.*!. 
Cos        rr-*    S/n Z tQL  c/x. 

X 

J 

n 

5/n0 c/6> 
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(?-?S) 

Thf   auuvi-  iquations  were   solvt"'   for   Hu1  conclilions   rcpresunt^L ivi. 

loi   Ottawa   sand.     The  values  used were  as   follows. 

fd )     » 0.009 1 ""/lax, 

Q        ■   10,000  lh./in.2 

r -2  cm. 

M -  jO cm. 

r 2  x   1U'   (calculated   to give  a valu^  of 
S m  0.10) 

The  resulting  resonance  curve   is   shü'vn   in  Fig.    (2-9).     The 

variation of   the  frequency  of maximum amplitude with  exciting  force 

is  a  second  degree  parabola with   its  origin  at /OJ?      ■   1.0 as 

shown by the dashed line. The stress-strain relationships used in the 

derivation are such that the logarithmic decrement will be independent 

of   the magnitude  of  vibrations. 

I 

D.  EXAMPLE OF OISPERSION DAMPING IN I.OEAL ELASTIC SOLIDS 

A dispersion type damping results from the loss of energy through 

radiation by elastic waves fron a source.  In the example to be considered, 

the source of input energy is an oscillator vibrating vertically on the 
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Pig. 2-9.- Theoretical Variation» of amplitude with frequency for 
tortloMl vibration« of a abaft aa giver, by theory of Maarenko. 
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huiKKf  oi   a   n"iii - inl init f   iclicl   ulastic   .''Olid which  has  weight.     Reissiu-r 

(lyjo)   d*V«lup«d   Ll'.i    Liuoi;,   and   c OILS idiiid   lh.il    t lu   osoiliator   produced   a 

uni£amly  dist r il.u. i-d  prctsur«  9V«I   tkt circalar   contact   area.     Sun«   (L953) 

ixt.'iili.    R«laaiwr,l   theory   to  covet   t lie  CM«!   tor  which   the  stress  distri- 

bution was   jiiiabolic,   uniform,   or   corresponded   to  that   produced  by  a  rigid 

IKIM .     The   latter   case   appears   to   be   the   best   approximation   to   actrai   con- 

ditions.     Recently.   Hsieh   (1962)   has   reworked   the   fundamental   equations   in 

ihi   Keissner-Sung  theory   in  order   to  place  them   in  a   form  comparable   to 

that   developed  for   the  conventional   one-degree-of-freedom  system with 

viscous  damiiii)',.     The   following  equations  are  a  condensation  of   Hsieh's 

s t uuy. 

In   order   to  evaluate   the  tcrce 

transmuted   to   the   elastic   body  we  first 

consider  a  weightless  rigid circular 

disk which  rests  on   the  surface  of   the 

body   (Fig.   2-10).     The  elastic   body   is 

homogeneous  and   isotropic,   has  a  shear 

modulus, (j       ,   and  t  mass  density  of 

fO (-    /%.)     •     A vertical  periodic 

force       R = '£ Q'lut acts  on  the  disk.     The  vertical  displacement    fjj 

given  by  the  Reissner-Sung  theory   is 

Fig.   2-10 

"•£[**".]•' (ut 
(2-26) 

in whicli "fi and  j*       are functions of the frequency of oscillation, 

( -bJ/zir)     and    fm y-l      .     The time variable is  t  and ■ - 2.71828- 
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In  üidir   Lo •liallMta   tin'   imaginary   lurm,   H-siili  Look   Lhu  dtTivativf  of 

Kq.    (1-Ib^   with   respect    lo   lim:-   lo  olilaiu 

i/if 

at G /, ft--^! (2-27) 

aiv.  h;   tombining  tq.s.   (J-2b)   anu   (2-27)   he  dLtcrminud 

C r ctur    -ZoJlr2,!-2-!^*     FLO   r r2    r*l 

(2-2Ö) 

or 

ur 
t. / 

' 

Eq.   (2-2Ö)   indicates  tliaL   Llie   torcc   transmitted  to   the  elastic   body   is 

a  turn tion not  only  of   the  displacement  ot"   the disk,   but  also  is  a 

function of   its   velocity.     For   COnVMlMCfl   In  computations,   the  dimen- 

sionless  ffique.-y  term,    0Lo     ,   from  the  Re i ssiier-Sung  theory, 

■ v.       u r,^ Zrrn 
L 

may  be   substituted   into  Eq.   (2-2Ö).     Then  by  using  the  notation. 

Fq.    (2-28)  becomes 

'2-29) 

(2-30) 

li 

r 
ii 
r 
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P- /i G^r, ur (2-32) 

For   vertical  oscillatiüii.   llu   lunctions     /^ anU ^^     c; 

!)<.•  ixpic'sst-d  approximately  by   the   following  expressiorib: 

t.ir   Püisson's   ratio,        U.    =  ü F,     = 4.0  -   1.3  fl^ 

^     ■   1/4       F,      -   5.JJ  -   1   35(2' (<;-JJ) 

F^     = 4.20ao    -   0.12 (Xc 

1 
o 

» 
JU  m ill    fl   =ö.O-2 40 a 

r4 ■ b.45 ö0 - o is a0 

hq  (2-32) can be further simplified by substituting 

to give P   =- 

K¥*Gn r* 

(2-34a) 

(2-34b) 

(2-35) V 

^1 

fit 

/ 

Now,   if  a cylindiical mass of   radius ^ 

and  weißht     *u (it. /7?0 = %/$} is  placed 

on   the weighi-less rigid disk  and  subjected 

to a vertical  exciting  force    (pjt       ,   (Fig. 

2-11)   the  equation of motion   i^ 

Fig    2-11 
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,2 

01    liy   Milv I, UuL ill>;   l.q.    (2-J5)    into   Kq.    (2-Jb), 

m.±~   i K 5~ +K„UJ   »öi t2.j7) 

Kquation   (2-37)   is   sinilai   to  Kq     (2-1)   lor   tliu  oiic-di-'g; ee-of-freedom  system 

with  visions  dumping,   with   the   impoitunt   exception  that   both        f^ and 

i\v        depend  upon   the  frequency   factor       ti0      ,     Fron  Eqs.    (2-'iJ)   it 

is  evident   that    AV is   almost   linearly  dependent   upon  frequency 

while   for   small  values  of       O0 the   frequency  effect   on        Av is 

sm?. 11 

K.     DUFFY AND MINDLIN'S THKnp.Y  FOR  KUSTIC   SPHERES 

Duffy  and  Mindlin   (1957)  derived a  differential   stress-strain 

relation  for  a medium  composed of   a  face  centered  cubic   array  of   elastic 

spheres   in contact.     They   retained   the  classical  Hertz   theory   for   normal 

forces  and  used  the   theories   of  Cattareo   (Jyj8),   Mindlin   (1949)   and 

Mindlip  and Detesiewicz   (1953)   to   include   the  tangential  components  ot 

the  forces  at  the  contacts   between   the  spheres.     The  theory  predicts 

that  when a  tangential  force   is  applied  to  two  spheies   in  contact,   slip 

occurs  at  the  circumference  of  the contact   surface.     Becau.e  of   this 

fact   the  stress-strain  relation  depends  upon  the   entire   stress   history 

of   the material.     This  phenomenon  gives  rise   to a  frictional   dissipation 

I 

li 
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Oi   •imrgy  which  dlMf  uol   OCCUI  wfaen  only   DonMl   torces  art1  cünsidured 

BolutiOfll    ire   lound   101   ihu   CAM   üt   a   sniall   LBCtMMat   of   stress 

applied   Co  a nudium   undii   an   initial   isotrpic   plus  uniaxial   stress       The 

rfsulting mudiLim   is   anisotropit   and   the  stress-strain  relation  depeuu» 

"n   thfl  direction  of  orientation.     Orientation which  avoids  coupling with 

llexural  waves  gives  a  solution   in  the       X     ,   01   H,   0,   Ü)   direction  and 

tlu    (1,   1,   0)   direction.     The   solutions  are 

£ 
Z(B~7A) JG^ei 

c.o.o)     (S-SM) 

Z(4-3MH6-7A) 

Z (l-M)*- 
(2-38) 

W/,/,o) (*~9/a)*+(B-rA)(i-A 
JGVC 

2(/~A)- 

where JA> and 6 are Poisson's ratij .ind shear modulus oi the 

individual spheres.  The two values of  Z7    differ depending upon /<- 

At /-*- =» 0.25 the difference is about 2 per cent. 

The theoretical frictional energy loss per cycle was found by a 

summation of the energy dissipated at the individual contacts and by 

taking a sinusoidal displacement distribution along the length of the 

bar.  The theory predicts an energy loss proportional to the cube of 

the amplitude.  For small amplitudes the total energy stored is pro- 

portional to the square of the amplitude.  This would indicate a 

variation of logarithmic decrement which is proportional to amplitude. 

The theory also predicts a minus one-third power variation of loga- 

rifhmir decrement with pressure 



F.     RIOTS THKORV  FOR WAVF,  VELOCITY  IN  A  SAIl'KAl FD POHOIIS ELASTIC  SOLID 

Riot   (H'id  ,1)  prPRfPt";!   a   theory  (toalinj; wltli  the  propagai. i on   of 

plastic waves  In  .)   fliud-saturatod  porous  solid  assuminj! that   the  solid 

w,is   elastic  and  that   the   fluid v;as  compre<5o i hl e  anH  viscous.     He  also 

assined  that   the walls  of  the mrin  petCM   (interconnected pores)  were 

imperxioiis  and  that   the  pore  size  was  concentrated  around  some  average 

val ue . 

For  the  case  in which  the  vis.oalty of  the   fluid  i r;  taken as 

zero  the equations  of  equilibrium have  the   form 

73 ^i/ 9E ^[^«^^^-KI)] (2-39) 

r u< > rM-u.)] 
t2-40) 

in which ax displacement of the frame 

= displacement ot the fluid 

■ mass density of the frame 

- mass density ot the fluid 

- mass density of the aggroRate 

.fite 
additional apparent mass 

I 
I 
I 

The equations of wave propagatio-i are of the form 
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G72uA+(l>*G)f~ ^Qjf «|ft[^a* */0*(t'»'B')]    (2-^1) 

ax /Pf? +öjr --Ir- z0^ '/^«- Ui (2-42) 

where f = dilatation  of  thf   fluid 

£ = dilatation of  the   frame 

Q = shear modulus  of  the   frame 

Qond f^ •'•  conotanLs   n-lating  to the  coupling 

-■/>*= a e + Rt (2-43) 

Bito and Willis (1957) give a discussion of the methods for measuring the 

quantities G, D,   Q a«^   f\.     ujicd ir the equations for wave propa- 

gation . 

Three waves result from tais theory, dilatational waves in the trame 

and in the fluid which involve coupled motion and stiffness of the fluid 

and the frame, and a rotational wave. The rotational wave is uncoupled 

from the dilatational waves and involves only coupled motion of the frame 

and the fluid. 

Biot modifies the equations of wave propagation by including the 

damping Hue to the viscosity of the pore fluid which is a function of the 

frequency of vibration.  Solutions for the dilatational waves are found by 

applying the divergence operator to the equations of wave propagation and 



-■■J' 

tht   toltttlM   foi   llic   r.-t.it i onal  wavo   is   t.)iind  using  the-  curl   opt-r.itor . 

Hhm tin- vist vnty of tl.i fluii! is equal to zero we h.^ve the un- 

il.-impoH caso. lliis i;ivps an .xprossion for t lie rotational or shear w«vo 

whirt-    I | 

-^; /^'/^o.' 
(2-44) 

/^ *  t /°a 

The Blot theory was prograndmHl tor ttic IBM /OS» digital computer 

using nunerical values which correspond to Ottawa sand saturated with 

water.  Below Is a list of these values. 

e      =    void   ratio    =    0.55 

  fi 2 
3      -    bulk modulus   of  the  grains     -     <  9 x  10     lh   /In 

0 5 .       ^ 
ß      -     bulk modulus   »I  tin-   fl u I     =     3  x  10     lb./in. 

Gs     =    specific  gravity  of   the  grdlns    »    2 Jib 

/<•     =    Polsson's  ratio of   the   frame    =    0.^3 

4       2 
0 -    shear modulus of the specimen =  1 x 10  lb /in. 

at a conflilng pressure of 1000 lb./ft.' 

Of     =    unit weight of the fluid  ■  62 4 lb./ft. 

-5 2 
1 =    viscosity of   the   fluid    =  2  x  10       lb.   sec  /ft 

^ = permeability    =    4.5  x  10'10   ft   2 

fC apparent  mass  coefficient      =    0 33 

5" = structure   factor     =2.5 

/ = frequency  of  vibrations     =   1000 cycles/sec. 

CT = confining pressiu-t     * variable 
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Tin'   valiiM  uivon  above  .ire oxppr;niont al  oxcopr   for  the  values  of   K 

•^K, 5-    Thc variables        /C      and If       are   related  to  the   coupUnp 

betwo( n  the   fluid   ind  Mi,   solid.    Kosten and  Zwikker   (19A9)  explain  the 

si^ni1icance  of  the  variable     f(     with   respect   to a  system composed  of 

randomly  oriented  tubes.     |f each i  -.be   is  oriented   at  an angle     0 

with   the macroscopic  pressure  gradient,   the  pressure  gradient   In the 

tube   is   COS 0    times  the macroscopU-  pressure   gradient.     Ihe component 

of acceleration  in  the  tubes   in  the direction  of   the macroscopic  pressure 

gradient   is     COS & times   thc  acceleration  In  the  direction  of  the 

tilies.     For  a  random  orientation  of   tubes      C06   &        -=   1/j,     This  wou1 d 

indicate  a value  of ^- (' /  - Cos 6  ) =  2/3.     Experimental  results 

by Hardin   (1961)   indicate  that   the  apparent  mass  coefficient   should  be 
i 

about  0.3  to 0.4.    The  value  used   for the  program was   such that    f^a.-O'^'if^ 

Blot   gives  a  range  of values   for  the   structure  constant    5" 

For a  value  of the  sinuosity  factor between  1.0 and   1 .5  a value  of     J 

was  chosen which  lies  between  that   foi   silt-like pores  and  circular pores. 

Blot   showed  that       *; was not  a "cry significant   parameter. 

A value   for      Q was  used which  corresponded   to thaL  determined 

bv the  experimental   results  of Hardin  (19bl).     His   results  Indicated  that 

the  shear modulus varied with the  0.50 power  of  confining pressure       Ihus, 

thc  program was  set   up to calculate  shear modulus   from the  expression 

I 
I 

G - a 
o.s 

where O        Is the shear modulus at thc cenflning pressure CT     . The 

value of CT     was arbitrarily chosen tu be 1000 I'j./ft. 
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TIK
1
 cMfflciMI ol pcinK-a'U 1 ity, -^   , is that found from fxpeii- 

inenta] («taulCl on Ottawa sand whiili MA BMMMI to most I'-'Xtbooks on soil 

list in,   li should hf poinLid out that thi coil fit it'iit of permeability 

used luti I« not that conventionally used in soil mechanics.  The coel- 

; U laut commonly used in soil nieclian ic s is found by multiplying -jC       by 

tha ratio of unit weight divided by viscosity.  This changes the dimensions 

11om It." to ft ./sec . 

The computer results for velocity and damping are shown in Fig. 

J-1J.  The variation of the she.it wave viloeity with pressure is Hetermined 

entirely by the variation ol the shear modulus with pressure.  The variation 

chosen for shear modulus results in a variation of velocity with the 1/4 

power of confining pressure.  The damping of the shear wave is independent 

of confining |.ressure.  The velocity of sound in a fluid is not significantly 

affected by the confining pressure but when the fluid and solid are coupled 

as is the disturbed fluid wave a slight variation of velocity with confining 

pressure is observed.  As the confining pressure is larrMMW the damping 

of the fluid wave is decreased.  It can be seen that the variation of 

velocity with confining pressure for the dilatation wave of the frame is 

the same as for the snear wave.  The logarithmic decrement is affected only 

lilig.itly by confining pressure and for the values considered here the damp- 

ing increases slightly at higher confining pressure. 

G.  THEüRtKS USED IN CONNECTION WITH THE EXPERIMENTAL 

DETERMINATIONS OF WAVE VELOCITY AND DAMPING FROM LABOaATORY SPECIMENS 

Tha measurement of wave velocity through a column of soil was 

determined by measurement of the resonant frequency of the column for the 

type of wave in question.  Resonance was found by varying the ln quenry of 
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10000 

Fig« 2-12.- Variation of damping and velocity with confining pressure 
for water-saturated Ottawa sand as given by the Biot theory. 
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Vibration  and  iliUiminiiig  tlM   tH^IWCy   lor  maximum amplitude.     By 

IUKH ,;:•,   Liu'  mod»  Of   vibralion  t IK   wave   length  may  be  dcturmintd  using 

tbo   linr;Lli  ol   tlM   iporl«—,     Froiii  llu.si'   two mfa:.uremenl s   velocity may 

lie   CllmtOtoJ   t rom   the   re lat ionsli ip 

/w =/ I 

wliei e      /_ represei tt.  Llie  wave   lengtn  of   the   stress wave. 

If   tie   shear  wave  velociL)   and   the   longitudinal wave velocity  are 

known,   the  dynamic   shear modulus  and  the dynamic modulus  of  elasticity 

may  be  eompuLed.     Love   (1944)   showed   that   in  a  cylindrical  specimen  the 

velocity  of  a   longitudinal wave   is  given  b\ 

AT, -   /- 
7rWrz *k 

where /"  is the radius of the specimen.  Equation (2-45) is valid for 

small values of  /V    .  The specimens used in this research had an 

//. ■ 0,02 for the first mode of vibration.  Using this value and 

a maximum value of Toisson's ratio of 0.5 the first term of Eq. (2-45) is 

0.999 which is  ^    1.00.  Thus, for the specimens used in thi^ research 

we can use the relationship 

W   = S> 
(2-46) 

for calculating the dynamic modulus.  The dynamic shear iodulus may be 
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found  by  nsinj-,   Uio   relationship 

-^ M TT 
(2-47) 

In order Lo vibrate a sperlmcn some sort of a driving inuchanism 

must he attached and another mechanism must be connected for measurement 

of the response.  The addition of | mass to | material in which the 

resonant frequency Is to be measured results in a slight change in the 

leaonant frequency.  The conditions of the specimen in the present in- 

stigation may be represented by ri;,. 2-13.  The solution governing the 

natural frequency of such a system under torsi nnal vibratiüiis is given 

vjftfutvjfi. .2. 
(2-48) 

J 

~7 

L 

Fig. 2-13. - Model representing theoretical 
conditions in present research. 

where  J   is the mass polar moment of inertia of the specli.,6n and I0 

Is the mass polar moment of Inertia of the mass att?ched n the free end, 
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Equation   (2-48)  must   citlirr  be   solved  graphically  or by   trial   and  error. 

It   ir,   .-onveniont   to  put   Ktl.   (2-48)   into the   form 

fi tan^j   -   y (2-49) 

Thug . 

/r ■ (2-50) 

FiRiire  2-14  shows  the   «raphlcal   solution to Kq.   (2-49)   for  the  first  mode 

of vibration. 

In  this   investigation the values  obtained   for damping by measure- 

ment   of  the decay of   vibrations were  corrected  to  compensate   for  the  added 

mass  of  the pickup  and  driver.    The effect   of  the  added mass  is  approximated 

by considering  a  single  degrce-of-freedom system as  shown  in Fig.   2-15. 

■www- /T?« 

Fig. 2-15. - Single degrcc-of-freedom system. 

The mass of the specimen is represented by lY]       ,   the mass of the driver 

and pickup by /770  and the spring constant is  ^ej    Fiist consider 

the case without fffa '    We 'lave "* relationshiPs 
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Ftg. 2-1H. - Graphic«! iolutlon to Eq. (2-A9) for the fir« 

of vibration. 
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Tims , 

s- 
(Jj = 

s ■ 

ft. 

TTCv__ 

With  tho  addition  of     ff]0      WP  havp   similarly 

rr Cv 

£s(in+mo) 

Finally, 

V 
m-hfin. 

m 
(2-51) 

In order to use Eq. (2-51) it is necessary to convert the mass of 

the soil specimen into an equivalent concentrated mass.  It can be shown 

that for the conditions in Fig. 2-16 the equivalent concentrated mass is 

0.405 [f\    . 

. 
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m' • 0,405 m 

i 

Fig. 2-16. - Conversion to a concentrated mass system. 

This is based on the condition that both systems have the same undamped 

natural frequency.  Using the above approximation the corrected value of 

logarithmic decrement is given by 

J- i' I + 
m. 

o. 405 rr (2-52) 

The same correction ma" be used for torsion by substituting the analogous 

torsional inertias. 
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III   LABORATORY ThSi S OF WAVE PROPAGATION 

AND DAyPING IN GRANULAR MATERIALS 

A.  PURPOSE AND SCOPE 

The purpose of th" present research was to study the velocity 

of shear and longitudinal wave, and  their damping In a column ot granular 

material. The effects of confining pressure, density, pore fluid (air, 

water .md dilute glycerin) amplitude of vibration and frequency were to 

be considered. This is an extension of the work by Hardin (1961) to 

include the effects of amplitude and the measurement of damping bv use 

of decay curves. 

New apparatus was constructed for the measurement of the velocity 

of ihcjr and longitudinal stress waves ai rclctively large amplitudes 

of vibrations which will not cause breakdown ot ehe grain structure 

The largest amiilitudes for a twelve-inch specimen fixed at one end were 

5 x 10 ^ in. longitudinally and 1.5 x 10  rad. torsionally. This is 

on the order to ten times that attainable with the previous apparatus 

and provides for a range of 250 times for controllable amplitudes. The 

new equipment was also drsigned to permit evaluation of damping by 

measuring the vibration decay from the steady state condition after 

the driving mechanism was turned off. Hardin measured damping mainly 

■by the shape of the amplitude vs. frequency curve. The pickups used 

on the nt>u apparatus were calibrated so that the amplitude of vibrations 

could be measured at any time during a test. 
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Thooiot icil   solutirns  ol   several  persons  have  been  presoi.ted   for 

ehe  behavini   ot  slnss  waves   ami  danpin;-,  In  porous  materials.     The  theory 

by Blot   (195b)  may  be  used   for  theoretical   evaluation  of  the  stress wave 

pripertles  of velocity   as  well   as   the  viscous  damping  associated  with 

sj'.uiatfd  mdti'tials.     The   tl» ory  ^iven by Duffy  and Mindltn  (1957)   may 

be  used  to calculate  thcoreLical   stress-strain relationships   for granular 

marerials  as  a  function cf  confining  pressure  and  also the   friction damp- 

ing associated with contact   stresses.    The  theory of Pisarer.ko predicts 

the behavior of  a material with non-linear  stress-strain  relationships  in 

torsion.    The above  theoretical   solutions  provide  a basis   for  comparison 

witli experimental   results. 

n 

B.     MAIKRIALS.   EQl'IPMENT  AND TE3T   rküC&DURKS 

Materials 

There were four different materials used in this invest igaticn. 

Each is described below and the grain size curve for each is shown, in 

Fig. 3-1. 

Ottawa sand.  Standard Ottawa sand which had been sieved for the 

fraction between the No, 20 and No. 30 sieves was used for most of the 

investigation.  This is the material prepared and used by Hardin (1961). 

He reported that the minimum void ratio was 0.50 corresponding to a unit 

weight of 110.5 lb./ft.-* and the maximum void ratio was 0.77 correspond- 

ing to a unit weight of 93.6 lb./ft. 

Class beads No. 2847.  Glass beads, all of which lie between •'he 

No. 16 and No. 20 sieve, were obtained from the Prismo S.'Tety Corporation, 

Huntingdon, Pennsylvania.  These beads are essentially perfect spheres 

as viewed from a microcope.  They have a specific gravity of 2.499. 

The ninimum void ratio was 0.57 and the maximum void ratio was 0 75. 
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('.IJSS  lirjJs  Nc    0017.     Ulis  maU'iiji   was   ils.i  obtained   Itim  I'.u- 

Pri.'.mo  sitiiv Cnrp.irat i on.     These  are  very   tine   heads  and near  silt 

si/.e.     Ninetv-ffvi'  p<i   CMM   pass   the No.   200 sieve and  9b  per cent   are 

i. i,innd  on l he  No.   'i00   -.ieve.    They  have  a specific  gravity  of 4.J! 

which  is vety  IIIRII.    I l.e   reason   for the  hlgb specific gravity  is due  to 

the   iact   that   a  high index of  rc-fractlon  ll  desired  In their  commercial 

use.     The minimum void  ratio  for  this  material   is  0.57  and  the maximum 

void  ratio Is  0  7b. 

Novacullte No.   1230.    This   Is   a very  fine  quartz powrler  obtained 

from the American Graded  Sand Co.,   189-203  East   Seventh Street    Paterson 4, 

New   Tersey      ""his material   was  considered  to be  a silt  as  shown by the 

Krain  size  curve  In Fig.   3-1. 

Tests 

Three groups of tests were run and are sunriarlzed in Table 3-1 

and ar follows. 

Croup I.  These tests were run with Ottawa sand to obtain data 

on the effects of amplitude, pore tluld (air, water and dilute glycerin), 

modp of vibration and density on velocity and damping for both torsion 

and compression. 

Group II.  After the tests of Group I were completed it was 

decided to run tests with the two sizes of glass beads described above 

In the dense condition both dry and saturated. 

Group III.  A torslonal vibration test, as well as damping 

characteristics, was run on Novaciuite No. 1250 In the dry condition. 

Equipment of Prfevlous Inves:lgators 

Several methods have been used to measure the stress wave ve- 

locities In a cylindrical specimen.  The methods differ mainly In tlie 

I 
II 
I 
I 
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TABLE   3-1 

Siinmary of Tests 

Croup Test N.i. 

— 

M.itpn al Void Ratio Pore Fluid Typ« 

I 10 Ottawa sand 0.52 Air Torsion 
11 Ottawa sand 0.67 Air Torsion 
14 Ottawa sand 0.52 Water Torsi on 
21 Ottawa sand 0.64 Water Torsion 
12 Ottawa sand 0.52 Air Compression 
16 Ottawa sand 0.66 Air Compression 
13 Ottawa sand 0.51 Water Compression 
15 Ottawa sand 0.66 Water Compression 
20 Ottawa sand 0.50 Mia Rlycerin Compression 
19 Ottawa hand 0.64 Dil. glycerin Compression 

11 25 Beads #2847 0.39 Air 
Water 

Torsion 
Torsion 

26 Beads #0017 0.58 Air 
Water 

Torsion 
Torsion 

23 Beads #2847 0.58 Air 
Water 

Compression 
Compression 

2/i Beads #0017 0.58 Ail Compression 

III 28 Novacullte 0.80 0.83 Air Torsion 
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ond cnndi t i.ms whicli ,irc  mpnscil or are assumed to exist 

'.'i lao i and Dl( t rich (19h0) .  llu- apparatus developed at the 

laboratory of Shannon and Wilson is shown in a schematic diagraw in 

Kip. )-:'.  An amplified Audio-frequency signal is supplied to a driver 

unit adapted from a loudspeaker.  For longitudinal vibrations the dcivür 

iü dlrect-ly connected by an aluminum rod to a clamped rim diaphragm of 

.(limiinnm having a natural frequency several times greater than that of 

t,i, soil specimen.  For torsional vibrations the driver Is directly con- 

nected to  an aluminum clanp to provide a torsional twist to the specimen 

The specimen rests on a brass pi ate nnH is enclosed with a lightweight 

cap and a rubbei membrane.  A standard phonograph crystal ic suspended 

by rubber thread from a tie rod or stand and records the motion ot the 

top cap on a cathode ray oscilloscope. 

It U stated that the restraint of the specimen has been verlfUd 

to correspond to the lower end clamp and the upper end free. 

Hardln (1961).  Hardin developed apparatus to measure shear wave 

velocities and compressive wave velocities for | soil specimen which was 

considered free at each end.  Figure 3-3 shows a dineram of the Hnving 

equipment for each apparatus.  A permanent magnet was attached to each 

end of the specimen by means of Plexiglas caps.  For the compression 

wave the bo-tom MgMt rested on tubber pads between electromagnets,  The 

other end of the specimen was placed between two sets of coils which were 

identical to the driver, and these produced a signal which Indicated the 

motion of the top of the specimen.  The apparatus for torsional vibrations 

was Identical except that the electromagnets were placed in a position 

that would produce torsional motion.  In this case the specimen rested 

on a pivot. 

Both types of equioment considered above have end conditions 

I 
i 
I 
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wliicb ar,> not cdtnpli'i c I > sp'-ritipci.  The oquipment used by Wilson and 

Dietrich is considered to be fixed at the driving end.  If this were 

true Mien there would be no vibrations in the specimen.  Ihe equipiv.eut 

relics on the fact that at the natural frequency of the specimen very 

little motion is needed at the base in order to maintain steady state 

vibrations.  The relative amount of motion between the top and bottom 

of the spec..nen for small values of damping is such that the node Is 

very close to the base. 

F=F0s SPECIMEN 

Fig. 3-4. - Model representing apparatus used bv 
Hardin. 

A model of the conditions for the apparatus built by Hardin may 

be considered as shown in Fig. 3-4. The torslonal case is shown. The 

rotational inertia of the end caps is represented by the discs at each 

end of the specimen and the rubber pads are represented by springs. 

The magnitude of the effect of the rubber pads is essentially indetermi- 

nate.  However, all of Hardin's tests were run at such small amplitudes 

that this effect would be negligible. 

Equipment for the Present Investigation 

Several practical considerations must be made when deciding upon 

the equipment for measuring the dynamic piuperties. The most important 

thing to keep in mind is that the design must be as simple as possible, 
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oilnTwlsf, ions id.rdblt' tim Mill ht  spL-nr. on   i ot inemt'nt .  In choosi'),»; 

lutvitii a f rcL-frci' and a t ixed-f tee type of lest onndition, the fix.-.i- 

ii.. ..uuiuion has two main advantage;.  First of all, the end conditions 

are more easily determined, and second, ttie first mode of vihratlnn will 

OCCUI at one-half of the frequency for the free-free condition.  I.xper- 

Itnc« lias shown that it is much easier electrically and mechunii a I I y to 

uork with lower f requeticies. 

Two pieces of equipment were specially designed and built to vi- 

brate the specimen at relatively large amplitude» with long tudinal and 

torsional vibratiens. Each was based on the fixed-free coidition. The 

equipment was different than that described above in that the base of the 

specimen was fixed to a large mass and the vibrations and displacen.ents 

were applied and measured at the top of the specimen. (Fig. 3-3c) 

Compression apparatus.  The frame of the apparatus was bui't from 

a piece of 4" standard steel pipe.  The base for bolting the aluminum 
i 

bottom cap of the specimen was made out of   piece of steel 1/2" thick 

and 1-1/V wide.  The ends of the base were drilled and tapped with one 

hole on each end.  Screws which fit through the sides of the pipe frame 

hold the base in place.  The holes in the frame were drilled so that the 

base position may be adjusted in order to align the specimen vertically 

in thp apparatus.  In order to "fix" the base of the specimen the inside 

of the frame was lined with four sheets of lead 0.10" thick  This makes 

tne mass of the specimen very small compared to the mass of the frame to 

which the specimen is bolted.  The total weight of the above apparatus was 

29 lb. as compared to 1.2 lb. for a specimen. 

The driver and pickup used is shown in Fig. 3-5.  The design of 

both the driver and pickup is similar to that of an ordinary loudspeaker 

The coils were made by placing a pi-ct of paper around a Lube of the 
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desired ciamoLtr.  This p.ipcr is plued so that it will not unroll and 

also hp 1 iose enough to he removed trom the tube after the coil has been 

wound upon it.  After each layer of wire has been wound upon the paper 

tube a   layer of ^lue was applied to hold the coil together.  If the coil 

was to be used as a pickup a clear spray lacquer was used as a ^I'-c, but 

for the driving coils it is necessary to use a glue that will withstand 

hijjh temperature.  For this purpose "2-ton" brand epoxy glue was used. 

XL is absolutely necessary to insure that the loops of the coils are 

rigidly held together, otherwise erratic wave forms will be recorded.  It 

is also essential to have a rigid connection of the coils to the top cap 

of the specimen, i .c., I li." natural frequency of the connection rmiRt be 

several times greater than the frequency range used in the experiments. 

The driver and p'ckip musL also be made as light as possible.  The total 

weight of the driver and pickup for the compression apparatus was 10.6 gm. 

Tl.e permanent magnets were made from cylindrical Alnlco V magnets. 

Soft steel was machined and placed around the cylindrical permanent mag- 

net so  that th«. lines of flux would be concentrated in an annular opening 

through which the coils would tit.  Ihe Alnico V is very hard and 

brittle and cannot be machined easily. Therefore, it is necessary to 

either glue or clamp the soft steel to the Alnico V.  Non-magnetic ma- 

terials should be used for clamping so that the magnetic flux is not 

disturbed after the magnet has been constructed.  The magnetism can be 

Increased several times by placing the finished magnet in a strong field. 

If the soft steel is later removed it will be necessary to remagnetize 

the magnet when it is put back together. 

The magnets are fastened to  the top of the frame by means of 

threaded brass rods as shown in Fie. 3-5.  These provide a means of ad- 

justing the vertical position of the magnets. The holes throii,-»h which 
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ihe  threaded ruds pass art- Bitch larger than the rods themselves.  This 

allows a limited amount of movement so that the magnets may also be 

|ios i tloned with nspect to the horizontal plane. 

Torsion apparatus. The frame of the torsion apparatus is very 

similar tu the frame ot the compression apparatus except for the design 

of the driver and pickup, which is shown in Fig. 3-5. The coils were 

inounttd in a frame constructed of brass rod? 1/16" in diam^tf-r.  The 

frame was made as rigid as possible while keeping the torsional inertia 

to a minimum.  The permanent magnets were circular bar magnets which 

were mounted on the trame and projected into the center of the coll, 

Positioning of the magnet was accomplished by soldering a threaded brass 

rod In an off center position to the magnet. The threaded rod provided 

in and out movement and horizontal movement was obtained by rotating tht 

eccentrically located rod.  Vertical movement was accomplished by cutting 

a vertical hole in the frame of the apparatus. 

The equipment described above could be used to measure the 

resonant frequencies fur tOVSioM and compression and also the decay curves 

after vlbratluu in a steady state cundition by cutting off the power to 

the driving coil. The decay curves were recorded photographically on an 

oscilloscope. 

Commercial apparatus. An MB Electronics Type P 11, Model T 135234 

power supply was used for driving the coils in the vibration apparatus 

and also for driving an MB Electronics Model C 31 pickup calibrator.  The 

range of the Model C 31 calibrator is 5 to 1000 cycles per second with 

a maximum force vector of 25 lb.  A probe type pickup, Model 115, also 

manufactured by MB Electronics was used for measurement of vibration 

amplitudes and for calibration.  A Tektronix Model 502 dual beam oscillo- 

scope was used for the measurement of output from the pickups and drivers. 

i 
1 
I 
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IK't ay ctltvai lot   dumping  iniasiu iMiiun'•- W«ra rtrtorded with a lUinonL Ty[~c 

450 o;-'. i. 11 JbcüjH' CMMTSi 

Tbfl appaial uo lot mea.sut in,; vibraLions was placed in a triaxial 

oil tor teuting.  JIM Iriaxial cell was manufactured by Geonor A/b, 

O.s lo-Blindern, Norway.  In older lor the testing equipment to fit inside 

the cell a longer Plexiglas tube and fastening rods were made.  Air 

2 
was used for the confining pressure and pressures froiu 0 to 50 lb./in. 

were measured by a mercury manomecer. 

Klectrical measurements 

A schtmatic wiring diagram for the testing apparatus is shown in 

Fig. J-b.  Details ot the high pass filter, attenuater and phase shifter, 

and time delay and triggering mechanism are shown in Figs. 3-7, 3-8 and 3-9. 

Measurement.>■: were made on the oscilloscope  ich showed the input 

voltage to the driver and the output voltage of the pickup.  However, due 

to the mutual inductance between the driving coil and the pickup coil, the 

output voltage of the pickup does not represent the motion of the pickup. 

It is necessary to compensate for this induction by applying a signal of 

equal magnitude and phase relationship to the differential input connection 

of the upper beam.  The attenuater and the phase shifter is adjusted to 

give a correction of the correct amplitude and phase relationship.  The 

frequency characteristics of the compression apparatus are such that the 

high pass filter is used with the phase shifter and attenuater.  For the 

torsion apparatus it was not necessary to use the high pass filter.  The 

adjustment of the induction correction was trade by setting the frequency 

so that it was not near resonance and adjusting the attenuater and phase 

shifter so that there was no signal from the pickup.  If the adjustment 

is correct then there should be practically no aTiplitude at each side of 

the resonant frequency.  The adjustment is goou tor a limited frequency. 
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inout 

two  layers u£ 
A. W.  G.   36 copper 
wire    -.  

IS 
mm 

m 
output 

three  layers of 
A. W. G.  40 copper 
wire 

Fig. 3-7  - Detail of high pats  filter. 
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output 

meg 0-5 meg 

Phase shift and attenuation      Attenuation 

Fig. 3-8 - Detail of attenuater and phase shifter. 
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raiv.e  and must   be  readjusted  for e?ch moc'e  of vibration. 

The  time delay switch and  trlpgerlnK mechanism was  used   in  the 

measurement  ot   the  decay  curves.     Itn   function was  to tlinger  the  swtep 

on  the  uscilloscope  and  then cut   off  the power  to  the  driver  after  a  small 

I 

tailing 
am — 

battui !■■ 

power 
out pul 

powel        ^0 

input-^ 

••H1' 
^-•■.o external 

S     trigger  on 
scope 

Fig.   3-9.   -  Detail   of triggering and  time delay switch. 

i 

time delay.  Tho oscilloscope was triggered by an electric pulse from 

three small flashlight batteries connected In series. A hinged arm was 

dropped which would momentarily close a contact to trigger the oscillo- 

scope and then fall a short distance and ct off the power to tne 

driving coll. The distance that the arm fell after triggering the scope 

determined the time delay. This distance was adjustable. When only 

steady state vibrations were being made the triggering apparatus was 

disconnected. 

TEST PROCEDURES 

Preparation of membranes 

XW-  membranes for the test specimens were made at flr3t with a 

liquid latex compound obtained from Testlab Corporation, Chicago. Illinois, 

I 
1 
I 
I 
I 



I j   19 

Ulu :i   tlii* iiMUnal  wa.s   used   up,   Ihf mumbcaneb  wer«  madi   from a   liqaid   laLex 

Tv.n   VultM   l-V-W  fro*  Uu   Giiui.ii   LdU-x  and  Cht-mical  Corporation,   663  Mnin 

Stroit,   Cwbrldga   -)'>,   HlUlclMliattt.      Tbt    IttMl   used   fil.sL   had   l.o   bt   diluted 

to   tkCM   pMCa   lalix  ,IIHI  out.-  pMTl   KaLi-r,   whilo   I hi'  oLhur  wa.-^  ^iluti'd   to 

■•VM  parth   lat.ix  to OM   carl   watei .     Molds  wi'rtj madi'  Irom  iti trail,   glass 

lulling   14   in.    long with  rubber   .stoppers   i'i  each  end.     Thesu were  dipped 

inlo  the   liquid   latex  and  allowed  to dry  a nunimuin  of   foar  hours  between 

dips.     Aiiiumi   lij'lil   to  ten  dips  were  used  tor   each men-hrane.     It  was 

! urn d   that   the   latex  was   alleeted   b_(   ..bsorption   ol   v.'atei   and   to  prevent 

this,   the   latex membranes  were  dipped   in  a   liquid  neop-ene  Type  Vultex 

3-N-IO,   whiih  was  also obtained   f;oni  the   Geneial   Latex  and   Chemital  Cor- 

puiaticr;.     The   laMI   of   neopiene was   then  placed  on  the   in«ide  next   to 

the   specimen. 

The memhrane was  removed  from  the n.old  by  first  dusting the  outside 

with   talcum  powdei   and  then  cutting  off   the  ends  with  a  razor   blade. 

Next,   the membrane was  peeled  from  the mold  .aid   the   inside was  dusted 

with  talcum powder. 

Prcparat-on  of   the  specimen 

T-ie  soil  specimens were  approximately   1.5   in     in  diameter   and   11   in 

long.     UM  top  cap was made  of   Plexiglas  and  the  bottom cap was  made  of 

aluminuni as  shown  in Fig.   .'.-10.     Rubber  O-rir.gs were  used  to hold  the mem- 

brane  against   the cap.     Dow Corning   silicone   stop-cock  grease was   used 

between  the  membrane  and  caps  to  provide  a  ^ood  seal. 

When dealing with granular materials   it   is  necessary  to u^e  » mold 

in  forming  the   specimen.     The mold was made  from  a  piece   if   PVC  tubing 

which was  cut   to  form  two halves       Tubes were  placed  on  each  half   for 

vacuu-n  line  connections and  filter   paper   strips were placed on   the   inside 

to  allow  a  good  distribution  ot   the  applied  vacuum. 
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rubbct 

riuiigla 

a iumiTi'jn 

pore pit'ssurc 
lino:,  

;■   i.i 

V^.^/U 

□ (b) 

■btuds' 

(a) 

Fig. 3-10. - End pieces used with bpeclmens (a) bottom cap (b) top 
cap. 

The bottom cap was greased and the membrane was placed around It. 

The mold was then clamped around the rap and membrane wiMi a hose clamp 

The Inside diameter uf the mold was such that It fit snugly against the 

membrane, sealing off the end of the tube. The opposite end of the 

membrane was stretched over the end of the mold and a vacuum wan  applied 

vhlch held the membrane securely against the Inside of the mold. 

Several methods were used for placing the soil Into the mold, de- 

pending upon the soil type and density desired. For the Ottawa sand and 

the glass beads the dense condition was obtained by pouring in approx- 

imately ^0  ml. layers and vibrating each laysr with a 1/8 in. bras» rod 

attached to a small vibrator. This resulted in a condition close to 

100 per cent relative density. The loose condition for the Ottawa sand 

was obtained by pouring the sand through a funnel attached to a 3/lb in. 

internal diameter ^lass rod which extended to the bottom of the mold. Ihe 

rod was kept full of sand and slowly retracted from the mold allowing the 
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.^.nu. to IM tepoaitcd i.   too»! condition.  The specimfn.s prepared with 

the NovaeuliU No. 12S0 «Mt« eompatted.  Since the material is very fine 

a sinn ial oioeeueri (I'd to be lollowed   A vacuuni was applied to the 

botto'ii poi e pres.suiv line .inrins the e jmpac t ion to prevent the material 

iiom blc'.-iiig out ot the mold and also as an aid to eompaction.  A Leat.poon 

oi mal .•''.11 wa.- addid and pressed iive times with a No. 7 rubber stopper 

uttaehed to the enu oi a standard Proctor miniature tompattor.  Prior to 

construction of the specimen the Novaculitc was Hriwd in the even at 

220° C.   lor a period of several days. 

Recording of data 

Sample data are :;howii in Tables 3-2, 1-3 and Fig. 3-11.  Table 3-2 

shows the data taken for computation of void ratio and the relation- 

ships for velocity and modulus in terms of frequency.  The volume of the 

specimen was corrected for the membrane by weighing the membrane and 

computing its volume on the basis of a unit weight of 0.92 gm. per cm. 

The measurements recorded for th'.1 velocity and damping vere 

taKen atter the electrical equipment had warmed up a minimum of 30 

minutes.  There it considerable drift in calibration as the equipment 

warms up and accurate measurements cannot be made during this period. 

The variation of velocity with amplitude was recorded for the 

first mode of vibration.  Each amplitude was approximately half of 

the preceding one which correspond;; to the successive scales on the 

oscilloscope.  With a maximum of 6 volts peak to peak applied to the 

torsional driver the double amplitude of vibrations was approximately 

2 x 10"J radians depending upon the shear modulus, damping and 

density of the specimen.  Since the torsion driver consists of a force 

applied to a lever arm from the top of the specimen, both bending 

and torsional modes of vibration will be measured.  This is shown in 
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FIR, 3-12 which shows the second mode for hrndinp, and th? first mcdc for 

torsion.  Pot suidll vdlms of dampini' ibc amount of bending al the 

natural frequency tor torslou will be insignificant.  The bending and 

torsion may be distinguished by the phase relationship between the 

driver and the pickup,  For bendiup, ttip motion of Hie driver and pickup 

is in phase but for torsion they are in opposite phase  This is easily 

seen on the oscilloscope. 

3-25 

1st modf 
torsion 

5J 

150 

Frequency, cycles/sec 

4- 
200 

Fig. 3-12. - Resonance curves obtained with torsion apparatus. 

With a maximum of 8 volts peek  to peak applied to thp rompresslon 

driver a double amplitude of approximately 1 x ID"3 in. could be obtained. 

It was noted that at some pressures the bending mode of vibration and the 

compression mode were near the same frequency. This showed up as two 

resonances very close together. A change in position of the driving 

coil did not seem to correct this condition but it was found that a 

slight change in confining pressure would help remove tue condttion. Ihe 

maximum effect of this condition seemed to occur near a confining pressure 

of 25 lb./in.2 
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C.     PRKSKNTAT10N  OK  RESULTS 

Str"s;:  Wave Velcuitios 

Crotffl I 

Figure» 3-13 ttirough 3-18 ikON the   remilf« for the velocity of 

torslonal and longitudinal waves calculatec1 from the tests of Group I 

M Ottawa sand.  In these tests Lhc variation of velocity with  cimflnlng 

pressure, density, pore fluid (all, wator and dilute gly)t*41«) "id 

amplitude of vibration was determined.  The confining pressures chosen 

for each test were approximately 5, 10, 25 and 30 lb./ln.z and the 

results at each pressu.e u« plotted in the sa-c figure.  Tests were 

run at both loose and dense conditions corresponding to a void ratio 

of approximately 0.65 and 0.51 respectively.  The amplitude of vibratl.-r.s 

was varied over the ranpc of the smallest measurable vibration to the 

maximum attainable with the equipment which was approximately I x 10_ In. 

for compression and 1.5 x 10'3 rad. for torsion. The ratio of magnitudes 

of any two succesiive amplitude mpasurements is approximately 2:1 as 

this corresponds to the ratio of two successive sensitivity settings of 

the oscilloscope. 

Figures 3-13 through 3-16 show comparisons of velocity between dry 

and saturated specimens at the first mode of vibration.  Figures 3-13 

and 3-14 are torsion tests with loose and dense specimens respectively. 

Similar figures for the compression tests are shown by Figs. 3-15 and 3-16. 

In addition the tests . :. which the first and second mode velocities 

were measured are plotted Individually.  The serord mode velocity could 

not be measured in the early compression tests since the apparatus was 

not fully developed until after test No. 15. 

I 
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rig. 3-16 Varlatloa of velocity with aaplltud* for Ottawa 
aaad dry and aaturated with water.
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Group II 

1 lu   velocity   t*Bt   results   for   the  gl.iss  beads  are  shnwn  in FIRS . 

3-19  ihrrxii'M   )   22        Hu-Sf   lestb   included  two  pizes  of  beads  one   ot  which 

cornsponds   to  | grain  size  near Ottawa  sand  and  the  other  a  silt   grain 

size.     The   tests  vt re  performed   the   Some   as   those   in Group  1  except   LluU 

onlv  the  dense  condition was   tested.     This  corresponded  to a void  ratio 

oi   ground 0.58  for both sizes  of  beads.     The  large beads  had  ,-   specific 

gravity  of  2.499 which  is  slightly  less  than Ottawa sand  but   the  silt 

size  beads  had  a specific  gravity  of 4.31  which is much greater  than 

tni-st   soils.     bach   specimen  except   that   for   te'.U   24 was   tested   In  the 

dry  condition and  toon  in  CIM  jHturited  condition.    The  results  are 

plotted  to show the  comp   rison of dry  and  saturated  conditions   of each 

test. 

Group  III 

Velocity tests were   run  or  a  compacted  specirnt-ii  ul   Kovaeuliie No. 

1250 with  the  torsion   apparatus.     This   is   I  crushed  quart? material  with 

ten per  cent   of   the  particles   less   than  0.002  mm.    The   oehavior  of  this 

material   is  quite  different   than  for   that   of Ottawa sand  and  glass  beads 

due  to the very small  grain  si^e.    The  stress wave  velocities  depend 

upon time  as well   as  stress  history.     During  test   28,  which  started 

at  a void  rar.io of  0.83  under  a pressure  of   14  psi,   the  specimen 

consolidated  vo a void  ratio  of 0.80  after having been subjected  to 

a stress  cycle with  confininp; pressures  as  high as   50  lb./in. 

The computed velocities   from  the  tests  on Novaculite  ar?   ■kom 

in Figs.   3-23  and  3-24.    A pressure  was  applied  tc  the   specimen  and 

frequency   readings  were  taken at  different  time  intervals  after  the 

pressure  increment   v;a3  applied.    These  time  intervals  are noted   in 

the  figures  and  represent   the  total  elapsed time  after  the pressure 
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VMS  arplifHl   to tlir   sprrincn.    Tho   slross  history  of  tuhi.  Mo.   28 was  fis 

follows . 

1. T!io   spocimtn was  compacted  and  placed  under  a vacui'm. 

Measurements  were  made   for  void   ratio  giving  a value  of 

6   =  0.81. 

2. The  specimen was  placed   in  the   triaxial   cell   and   a  pressure 

of  2030  Ib./f .2  was  applied.     Velocity  and  dampinR measure- 

uitnts   Mr« Md«  intermittently  over  a period of  38 hr . 

3. The pressure  raised to 4100   Ib./ft.2    Velocity  and  damping- 

Ing raeasurementü  were made   intermittently  over  a period  of 

140  hr. 

4. The pressure  was   rebounded   to 20b0   lb./ft.'  and  nipasurements 

Ot  velocity  and damping were made   irtermittently over a period 

of  12  hr. 

5. The  specimen was  placed  under a vacuum and measurements were 

made   for void  ratio which gave  a value  of   6    =  0.81. 

6. The  BfClmm was  replaced  and  tho  triaxial  cell   and  the 

pressure was  raised  to 7270 lb./ft.2      Measurements  of velocity 

and  damping were made   Intermittently  over  a period  of  13  hr. 
2 

7. The  pressure was  reduced  to 4130  lb./ft.     and measurements  of 

velocity  and damping were made  intermittently over  a period  of 

30 hr. 

8. Final measurements  under  a vacuum gave   a value  of     €.    =0.80 

i 

1 

The Novaculite properties were not only sensitive to time and 

stress history but also to vibrations. During the time intervals between 

measurements the specimen was not vibrated. The first measaremenLs 

after each time interval were made at low amplitudes of vibration. The 

I 



I 
I 
! 

3-41 

following  MUUMMntl   tmt»  made   aL   lact*«slaH   ampliLudes   until   the 

m.ixiiinini  amplitude  obtainable  with  the   apparatus  was   reached.     Since  the 

hißh amplitude  vibrations   affect   Lhe   low amplitime measurements  a  second 

set   ol  measurements  were  usually  taken  after  the  specimen had  been 

vibrating  at   IüKII  amplitude   tot  a  period  of   spprnxlmately  five BiauCM 

Ihese  two methods   of measuremcnl   are   inciicatod  in  the   figures  by  arrows 

on  each  curve. 

Damping 

Gtoup I 

Figures  3-25  through  3-29 show  the  results  of   logarithmic decrement 

for Ottawa  sand  obtained   from decay curves  of  Group I.     In general  the 

decay curves were  such  that   the  logarithm of  amplitude plotted  against 

w ave  number  on  semi-log paper was a straight   line.    Tut slop.;  of  this 

I 

line represerts the value of logarithmic decrement which Is computed 

from the relationship given by Eq. (112).  ;hls value ot logarithmic 

decrement was taken ".o be the value corresponding to an amplitude equal 

to the steady state amplitude at which the specimen was vibrating 

before the power was turned off. In cases of high amplitude and large 

values of  0  the plot of logarithm of amplitude vs. wave number was 

not a straight line but a curve of decreasing slope.  In this case the 

value for logarithmic decrement was taken as the average sloj-e of the 

first several cycles of the decay curve. 

Tests In Croup I were to determine the variation of damping 

with confining pressure, amplitude of vibration, poie fluid ^ir, 

water or dilute glycerin) and density for both torsion and compression. 

Figure 3-25 shows the comparison of logarithmic decrement in the 

first mode for the dry and saturated condition of loose Ot^av-'a sand in 



3-42 
CM 

I 

I 
4J 
«4 

I 
4J 

8 

•o 
u 

J 

II 
ja 
3 § 

J ■ 

I! 
fl 

&4 



U. S. ARMY ENGiNECR WATERWAYS DMMMDIT STATION 
COnPS OF ENGINEERS 

OFFICE OF THE DIRECTOR 
VtCKSBURC,   MISSISSIPPI 

16 SEPiy-,. 
mrm TO     ^^ 

SUBJECT.     Transmittal ol Publication 

TC. Director of Derenoe Research and 
Ergineerinß 

Washinston 25, D. ß, 
ATTN: Technical Library 

"Studj- of the Propagation and Dissipation of 'Elastic' Wave 

Energy in Granulai C-oila," publiBlled ^y ^b6 Department of Civil 

Engineering, Engineering and Industrial Experiment Station, University 

of Florida, for the U. b. Army Engineer Waterways Experiment Station 

under Contract DA-c2-079-eng-3lU, Weapons Effects Board SubtasK 

No. 13.009, Is forwarded herewith lor your retention. 

FOR THE DIRECTOR: 

1 Incl 
Report 

K. H.*'JONES 
Chief, Reports Sectioc 



s 3-43 

u 
3 

«I 
•O 
9 

I 
M 

I 
ü 

1 
| 

I u 

I 

I s 
I 
> 

I 

gs 
■I 

I 
si 
" 2 

9 
* <j 60  4 

'1 
quanrajDSfi  DTuojiiaBSo-r 



u 

1 

t 
I 
u 
u 
«I 

1 

I 

> 

11 

7« 

o 
1A 
O 

CM 
O 

quamajoaa ^fVM\-ifivicri 1 



3-45 

• u 
m 
h 
9 
% 

! 

j 

3 

: t 
i 

'gnavaisaa 3>Bm3T^'8«rT 



3-46 

1 
! 

j I 
i -I I 

t 
a 
I 

'»•«•Ji3«a aisqa^jvBoq 

t 
I 
1 
J 

I 
I 
J 

li 
ii 

1 



I 
3-47 

t'.Tf.iim.  Tin same cmrpari son is niado for Lhe lon^llnHinal wavt  u Lh^ 

dMM .ul looa« eoadiCiOM as shown in Figs. 3-26 and 3-27 respectively. 

Piumos 3-28 and <-29 show the results for Ottawa sand saturated with 

glycerin . 

Croup II 

Figures 3-30 through 3-32 show the results fnr damping lalculated 

iron the test results for glass beads.  Thes..- were tested in the dense 

eondltion for the dry and saturated case under torsion and compression 

The results arc plotted showing the variation with pressure and amplitude 

for the first mode of vibration. 

Group III 

Figures 3-33 through 3-l,o show the damping results in torsion for 

Novaculite. The same procedure for taking measurements as described in 

the results for velocity was followed. The stress history Is also as 

described in the velocity results. The group of measurements made at 

each pressure are plotted separately. The damping results obtained 

when the specimen was rebounded to a contining pressure ot 2U50 Ib./tt." 

were affected by the pickup touching the permanent magnet and are not 

shown. 

D.  DISCUSSION OF RESULTS 

Results for Velocity 

Groups I and II 

The materials used in Groups I and II are quite distinct in 

their behavior compared to the Novaculite No. 1250 used in Group III 

and i.ill therefore be discussed separately. The effect of amplitude 

of vibration, confining pressure, density, pore fluid and type of 

material will be discussed separately. 
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F.ffoct .u" amplitiiHo  Whm ui scnsüinn the ctfect oi a'iplltnde nn 

UMVC valocity ;ilhcr VariaMai must enter the discussion since the dirmli- 

tud« effect on velocity dlfCsti under various conditions,  flnt consider 

I lie res ills Col OLLUWH sand in the dry and loose condition under torsional 

vibrations as shown .n Fip. J-14.  It can be Dbserved that at any given 

cnfinine pressure the shosr wave velocity decreases as tne amplitude of 

vibration increases. The variation of velo« ity with amplitude in the 

range of the highent mnasurable amplitudes is less than it is in the 

ranp.e of the lowest ~,easurable MplltudM« The velocity variation is 

also smaller at high pressures than at low pressures  Fipure 3-16 shows 

the results for Ottawa sand in the dry and loose condition for compressive 

uaves.  It can be seen that the velocity of the compressive wave also 

decreases with increasing amoHtude of vibration. The per cent variation 

between the lowest and highest measured velocity is approximately the 

same for torsion and compression at equal confining pressures.  This 

f-orresponds to approximately 10 per cent variation at the low ron- 

flnliig pressure and 2  per cent vaiidLlou at the high confining pressure. 

Comparison of the variation of velocity with amplitude tor the loose 

and dense conditions shows that the difference In the amount of variation 

with amplitude between the two conditions Is very small.  Figure 3-13 

compares the shear wave velocity vs, amplluide measurements for dry and 

saturated Ottawa sand In the dense condition.  Saturation causes the 

rurvos to he almost flat except for double amplitudes below approximately 

0.3 x 10"^ rad.  The same thing happens In the loose condition as shown 

in Fig. 3-14. Figure 3-15 chows comparison of the compressive wave velocity 

vs. amplitude for dry and saturated Ottawa sand in the dense condition. 

It can be seen that the curves for velocity vs. amplitude are affected In 



,,.,, I,   , ;, ,,;,i,    fof   Cha  shear  W«VC.     At   doubl«  .impli tudes 

nbov«    ippi   -.i.n.a.'iv 0.2  ■   10" !  La    Hi.   eurv«!  an  ■IsMt   flat.    The samr 

behavloi  Li ■Iso noted  Ln rig    MS Hhlch ihoi« the eoarcritoR h't^e^ tha 

ity and ■«curatad variation of valoctty wiih ■oplituda  lot IOMI  Ottawa 

■anct.     lo;,ti  wer.-   run   to clolcrnum   Hio  variation  of   the   COnprMSlva wave 

v, loclty with  .implitude   for  Ottawa  sand   satoratca with dilute   -lyc-rin 

rhaa(   tests ara alMim tn Figs. J-17 aad 3-18.    Tha result«  for thraa 

in.ts   ,ii v    M«rly   tka   same  as   tliose  satur-'iteC  with water Tliete   Lb   .1 

slight      ren.l,   however,   for  '.he  curves   to be   flatter   at   double   amplitudes 

al-ove  0.2   y   :"        in. 

Hie   glass   bead.,   ..aich MM  tested   in Croup    II   be lave  somewhat 

•Ji I l.r. ut lv   than   the  Ottawa   sand.     Figure   3-19  llMWa   the   result    lor 

sliear W«V«  velocity  wi t n  tue  beads  No     2047  which  are   dppr.iximately  the 

sam.    aiaa   as  Ottawa  sand.     TIM  effect   of   ar'plitude   on  shear  .vavo  velocity 

is   about   the   same  as   that   for Ottawa  sand   in  both  the drv  and   saturated 

condition       The   results  of   the  MM  beads   lor   t lie   compressive  wave  are 

somewhat   differoni.   than  that   lor Ottawa  sand.     There   ir.   a mort   pronounced 

vaiidtiwii  of   vflucity   with  ampHtude  as   shown   in Fig.   3-?l.     Although 

the maximum  amplitudes  ol  vibration  in  th(   saturated   condition  are  not 

as  high  as   those   in  the  drv  .ondition,   it   tfftti   th»i   most   of   the 

velocity vsriation  takes  place  at   low amplitudes  and  the  curves  will 

flatten  out   at   double  amplitudes  above  0  3  v   10'J   in      The  shear wave 

velocity  Mrtatt« with  amplitude   tor  tue  glass   heads  No.   0017   is  shown 

in  Fig.   3-20   lor  both   the  dry  and water  saturated  condition.     In  this 

case  saturation  of     the material  does  not   cause  the  change  as   It  did 

for   the   other  two materials.     ihere  are  two   factors  whi.h might   accoum 

for  this   .ondition.     One   is   the   fact   that   the  giain  size   is much  smaller 

and   the   other  ts   the   fact   ihai.   i-'x   specific   gravity  of   the   solids  is 
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•bout   1.7   limes  that,   for  l he   other matcri a!s.     It   so.-ms  reasonable  to 

suspect   thai   the  dlffanmct   is  caured mostly   by  the  change   in  specific 

iravity.     The  variation   of  velority  with  amplitude   for   the   compresslve 

wave  wa   only   ootdiued   for   the  dry  condition  with  the  glM*   h*a4t  N" 

0017.    This   is  shown  in  fig.   1-22.     Again there  is  a  creater velocity 

variation with  amplit ide  ihr.i   for  the  other  materials. 

If   a material   has   a non-linear stress-strain curve  then  the  shape 

ot  the  resonance  curve  will   be  distorted  u.   tlmgnti  to  the  r.ise  of  9 

material   with  a   linear  stress-strain ciuve.     If  the  eltstic modaln«  of 

a material   decreases  with  increasing strain,   then  the  peak of the 

resonance  curve  will   shift   towards   lower  frequencies   for  Increasing 

amplitudes  of vibration.     For  the  case when  the moduluj  Increases  with 

strain,   then  the  peak of  the  rcsoaance curve will   shift  towards higher 

frequencies   for  increasing amplitudes.    Figure  3-37   shows  the  variation 

of amplitude with   frequency  for  longitudinal  vilnations  of dry Ottawa 

sand  in  the   loose   condition  under  a  confining pressure  of 619  lb./ft.2 

For different  values  of  exciting  force,   the   frequency   for maximum 

anplitude win   lie  on the  dashed  line.    The  skewed  shape  of  tl.e  resonance 

curve  Indicates  that  tno  elastic modulus  of  the Ottawa  sand  decreases 

with  Increasing  strain. 

Effect  of  confining nressure.     Figures  3-38 and  3-39 show shear and 

compresslve wave velocities  ploUed  as  a  function of confining pressure 

for Ottawa sand.    The  shear wave velocities wore  chosen  at  a double 

amplitude  of 0.5 x   10"     in.    The  slope of the  curves  is  generally  greatc.- 

at  low confining pressures than at  high confining pressures.    At  pressures 

above  2000  lb./ft.     the  velocity varies with  I he  0.25  power  of  confining 

pressure.     Density  and  saturation  both affect   the  velocity.    The dense 

! 
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Fig.    J-J7    Variation of amplitude with  frequency tor  longi- 
tudinal vibrations of Ottawa sand in the dry condition under a confinins 
pressure of 619   lb./ft.2 
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rondltlotl  civrs  ■ hiphrr velocity  as would  br   oxpected  since  a donsc- 

mati-ri,;!   uill   h.ivo  .1  hi^hor BcrfttllM   tiidn  ■   loose  material.     Ati  aMlttM 

of wal.cr   to tin-  specimen  increases   its mass without   adding  any  stiffness. 

This   results  in a decreabe  in voloctty  as would be predicted  by  the  rela- 

1 i onshi p  given by 

^A -• 
P 

In  the case of a saturated material all of the water does not move with 

the solid particles and s > tiio velocity will not decrease by the amount 

indicated by an addition of mass equal to the total mass of water in the 

poics.  By assumuig the same value for shear modulus in the dry and sat- 

urated conditions the amount of water which contributes an additional masi 

to the material for Ottawa sand Is about 35 to 40 per cent of the total 

amovnt of water In the pores. 

The variation of velocity with confining pressure for the glass 

beads Is shown In Figs. 3-40 and 3-41.  The vnlorltlü» were taken at the same 

amplitudes as mentioned for Ottawa sand.  At the higher conf.nlng pressures 

the velocity for the glass beads No. 2847 varies with about the 0,25 power 

of courining pressure while the glass besds NJ. 0017 vary with about Ü.21 

power of confining pressure.  More tests would have to be run to establish 

definitely these values. The slope for the fine glass beads is low com- 

paiLd to the other granular materials.  For the torsion test (it the dry 

glas.» be«iJä No. 0017 shown In Fig. 3-41 two points are designated at the low 

pressure as A and B.  This test was set up and allowed to stand for a 

period of »;wo days at the confining pressure Indicated at point A.  Velocity 

measurenenLs were made ror point A and then the pressurw was incicascd in 
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im-rrm,., ,s   ,„ teUraiM   tho  valHM   of  vclocUy   for   Lhr  lnRhcr   pross.ire.s   uf 

tha  con».     After   th«  ipCClaM  h.id   boon   Lestod   ..t   its  maximum  confining 

prauura tha praaaura was reduced to the valtM rrrrraapa«ilM »• r"tnt |. 

The  velocity  ,nt   thU  |,oinl   was   less   than   the   initial   value  that   was  measured, 

Thti  daenaan   in  velocity  eaMM    he  duo   to  consolidation since   (Ma  would 

aa Locraaaa La velocity.   During tha teal the pore fnunn line MM 

placed in water in order to detect any consolidation when the conflninc 

pressure was increased. No consolidation was detected in this way, but a 

slight time effect was noted after a change of confining pressure.  Over a 

period of about 15 minutes there was an increase In velocity of about 1.5 

l 
per cent at J580 tk./ft.  One per cent of this occurred in the first 5 

minutes . 

Group IIT 

There was only on,- test in this group for measuring velocity and 

it was performed on Novaculite No. 1250 in torsion. 

Effect of amplitude.  The measurements of the variation of shear 

wave velocity with amplitude of vibration are shown in Figs. 3-23 and 3-24. 

For this material there was also a variation of velocity with amplitude 

at any given time for a particular confining pressure. The times indi- 

cate the period over uhich the indicated pressure has been applied to 

the specimen.  It ran be seen that as the specimen is allowed to stand 

at a given pressure the velocity increases. The variation of velocity 

with amplitude of vibration depends upuu how the measurements are taken. 

If the specimen r-its tor a long period of time and velocity measurements 

are made starting at small amplitudes, the velocity remains independent 

of amplitude up to a certain p-.int after which the velocity decreases 

With amplitude. When continued up to the highes.' amplitude ot.tainable 

li 
I 
I 
I 
II 



I 
I 

1-65 

a  cuivr   is  dptuud  which  is  concave  downward        I!   the  velocities   die   d^aln 

measured   ■tarting  ■)   I  lii^h  ainplilude  ol   vibration  Hie  cirve   ol   v. loclty 

vs. anipMnid.   la coocav«  upward and th« valacltimi tn MMIICV tbu those 

li.aJ. lit.iii.  ilu:. dacraaM In velocity is regained over a period of lime 

as sh iun in K fß     3-23 and 3-24.  The increase of velocity with time must be 

due to an Intercranular action which can be destroyed by vibration bill ll 

nulit up again it the specimen is allowed to qlt over a long enough period. 

A change of confining pressure also causes a temporary reduction In wave 

velocity.  This was observed by the change of phase relatimship between 

the driving force and the output of the velocity pickup.  If the driving 

frequency is below the natural frequency of the specimen thei. will be a 

change of phase which will be opposite to that for the case when the driving 

frequency is above the natural frequency of the specimen.  The driving 

;requency was adjusted to the natural frequency of the «pfcimon and then 

the confining pressure waü Increased.  As the pressure increased the change 

of phase relationships indicated that at flrüt the velocity decreased and 

then incrcaacd above the value which was measured before the ptaaaWM change. 

When the confining pressure was reduced from a higher value to a 

lower value the velocity decreased and then If allowed ta sit, the value 

would increase, this is shown in the sets of curves which are designated 

as rebounded to the pressure indicated.  The order of magnitudes of increase 

in velocity are still quits significant when the specimen is rebounded. 

Since the velocity at ;my aivpn ronfinlng pressure is   time dependent 

the variation of velocity w.'th pressure cannot he sperlftcally defined. 

« 
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Group   ; 

lulti   for ihr variation o(  daaplng with .impl itudc for the 

1 ' '    ii1  b« dlacuaacd  Elrat  .inn thM coayarad wltfa LIH- othai 

■atcrlala1    Fha effacl  oi ampliindo, i-oniininj; praaaura nnd pore fluid 

I i   be .! I icuaaad . 

n  of .impl Uude.    in taaaral,  iUc loKarlttaatc dacraaKat  foi 

\v]  Ottawa tand dacreaaea with .i drrrcaac of aaylltuda of vibration^ 

for tha ihaai  wava  In tha dry condltioai  as ahown in fig, 3-25, the 

avetaga variation  in tha  firal mode  la with tha o.2i power ot amplitude. 

Tha  val'ie  of  0,23   La  an  awarata   fm   all   pressures,   and  tha   individual 

valuca   taaca   from  O.lfi  to  0.29.     Results   for   (lie  eomprocc .'vc  vnt  In 

tha dry condition ara ihowa in Fif;s. 1-26 and 3-27.    For ^hc firat 

mode     of vibratiin  the   avaraga variation  of   loparithraii   decrement   is 

with  l lie  0.25 power  of  amplitude   in  both  rases.     Individual  values vary 

from  O.ld  to Ol't.     When  t lie Ottawa  sand   is  saturateii with watai   the-  var- 

iation  of   loRariiiimic  decrement   With  amplitude   is  decreased.     For  the 

shear wave   the   logarithmic  decrement   varies  anywhere   from the  ().() to  0.13 

power  of  amplitude.    The  compressive wave  shows  practically no variation 

of   logarithaic  JacrMUal   with .'mplitude  in  the  saturated  condition. 

Fipurcs   3-28  and  3-29  show  the  results when diltte  glycerin was  used  as 

tli"   pore   fluida     The   results  are  very much  tha   same  as   those   for  the  water 

saturated  condition   in  that   there  is  practically no variation  of  logarithmic 

decronent  with   amplitude   ot  vibration. 

Kffect of confining pressure. The curves generally show that the 

logarithmic dee.-cment decreases as the confining p"essi;re is increased. 

However,   :n  some  cases   the  damping   increases when the  confining pressure 

I    ■     I 

I     ■     I 
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la LacrMMd.    Alan, Blnee f-.- eurvei of logarlthalc tecraanN  vs. ampli- 

ludo are not   paral It 1 tor  Hitfnront rmtinlng pressures this   Indicates 

thai t lie pressure variation depends upon the amplitude of vibration.  The 

i neons i KUMU v of the results is such that the only definite observaL ion 

is that the dampinv, tends to decrease with an increase of confiniiiK pressure 

RCtect of density.  The effect of the specimen being leoac or dense 

is rather small.  Fisures 3-26 ami 3-27 show the results for the compresslve 

wr.ve .n the loose and dense conditions. Any differences between the loose 

and dense conditions for the drv tests are too small to be detected. The 

ettcct of amplitude is much more significant than any effects due to 

differences in density.  Figures 3-26 and 3-27 show lesuits tor Ottawa .sand 

saturated with water and Figs. 3-28 and 3-29 show results for the same ra« 

tarlal saturated with dilute glycerin.  Uitferenres between the loose and 

dense conditions are also insignificant in these cases. 

Effect of pore fluid. Figures 3-25, 3-26, and 3-27 compare the differ- 

ence hetwtcn dry and water saturated Ottawa sand. The effect of the vdtcr 

apparently depends upon the amplitude ot  vibration since the slopto tui the 

dry condition are greater than the slopes for the saturated condition.  Over 

the range of amplitudes measured the water increases the logarithmic decre- 

ment by a factor of 1.5 to 4 times that for the dry condition.  Comparison 

of Figs. 3-26 and 3-28 as well as Figs. 3-2/ ard i-l'j  show that there Is 

practically no difference between the tests In which the specimen is saturated 

with water and with dilute glycerin. 

Group IT 

Effect of amplitude. The results of damping for the glass beads are 

shown In Figs. 3-30 through 3-32.  For the glass beads No. 284/ the average 

variation of logarithmic decrement in the dry condition Is with about the O.i; 



).68 

II 
■   plitude       In   '1"   siinr.itntl   condition   tha  damping varies  with  about 

Hv    0.1 >   power  oi   mKplituda,     Tha  i'lass  heads   No.   I'lOl?  behave  somewhat  dif- 

t. renl    Chan   th<     Ithi t  bcada  or  Ottawa  sand.     In  l;ig.   J-Jl   it   ran  bo   seen   that 

is   ih,    .iiiipi i t udc   of  vibrations:   is  dicieascd  the  damping  becomes   less  dcpendpn'. 

upon  anipl i t ode .     Al    ItlgtUil    aii.pi i Luiics    logaritlaUC   daciMMnt   vjtj-to   wiici 

aboul    the   0.r)A  power  of   amplitude  in  the  dry  ronditlon  and with  approy'- 

ii iv   tha   0.A7   power  of   amplitude  in  the  saturated  toiuliiieu.     It   .ic-eins 

t.\\M\   tha  variation  of dair.ping with amplitude   for  the  dry rcateual   ic  aiiected 

bv  tha  type  of  grain  surface.    The  glass  beads  have  a very  smooth  surface 

compared   to  the   surface  of  Ottawa sand.     IL  would be  difficult-   to determine 

from  the  data whother   the  difference  between  the   large   and  small   glass  beac'.;! 

is  due  to  the  s i ?e  effect   or  the  difference   in  density.     An  increase  in 

density  should   tend   to  cause  a  decrease   in  tha   logarithmic  decrement   because 

of  the  increased  mass.     Comparison with  the  twe   types   of beads  shows  that   a 

smaller  amount   of   damping  is  associated with  the  higher density beads. 

Kfl'ect   of   confining  pressure.    As with  the Ottawa sand  the  varia- 

tions  ot  damping witti  continlng  pressure  are  such that   the only observation 

that   can  be made   is   that   there  is  generally a decrease  in Jdiiipiug with con- 

fining pressure. 

Kffect   of  pore   fluid.    The  saturation  of  the  glass   beads No.   28',7  ha.- 

the  same  effect   as  it  did   in the Ottawa sand.    The values   for damping were 

increased   sod  the  variatioi of damping with amplitude  was  reduced,   indi- 

ccitlu^   that   the   auiouut   of   damping   coutLihuLeu   hy   the   watet    iucieaäeä   at 

small« r   ampl i t n,Jcs .     Figure   3-Jl   show   that   for  the  glass  be.ids  No.   0017 

the   amount   of  damping contributed  by  the  water   is   also greater'  at   smaller 

amplitudes   but   to   a much  smaller  extent.     This  difference   is  mrst   likejy 

due  to  the  higher  specific  gravity  ot   the beads  in  comparison to that  of 

the water. 
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Croup 1n 

Effect ,.1 .impl i Ludc. The variation ot   logaritlatc derrement with 

M|ilttudc fof t'iis .natiTial (Iocs not plot HL   a straight line on a till 

logarithmic scnlcv  ; t doul-.lp amplitudes below about 3 x 10'4 rad , the 

loRCrithaiC itnmni   does not vary much with amplifidc.  This corresponds 

co approxima'.e 1 v Mm laMc nn4«>T nf "•«"»l*'."Je * T? which then '•," verv 

little variation ot velocity with amplitude.  At higher amplitudes there 

is a significant variation of damping v;lth amplltiule.  As tae specimen 

was allowed to stand under | given confining pressi re the dampi'np, de- 

creased.  If val les of danpiag were then measured starting with low am- 

plitudes and increasing the amplitude:; until measurements were finally 

made at the highest attainable with the equipment, a curve corresponding 

to the lowest curve in Fig. 3-33 was obtained.  If the specimen was then 

aiiowed to vibrate at high ampli tr„>e!'. ov-cr a periud of approximately 5 

min., then the curve corresponding to the triangular points was obtal-ic' 

Thus, the time effect which resulted In a decrease in damping could be 

destroyed by vbraLlons of high amplitude. 

Effect of confining pressure. When the confining pressure was 

increased after having been maintained at a steady value over a long 

period of time, the damping increased.  After a new pressure v.-as reached 

the damping started to decrease with time.  If high amplitude vibrations 

were applied to the specimen, the decrease ot damping that occurred over 

a period of time could be destroyed.  If the values of damping are com- 

pared at low amplitudes for the different confining pressures, it can be 

seen that time Is more significant than confining pressure. The values 

of dainpliiK for low amplitudes at each confining pressure are ail within 

the same order of magnitude. 

J 
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■ i   oi  confining pressure on i\)v valuclty of r.trcso waves in Ottawi 

■and IM, i'.. ,I , i v ,ri by Hxrdln (TK-i'*     m«  r#«ti1f« HHOWMI  f.nir NitraMMnt 

i Ltl      i     ihr Lnveitlgatoraa    Hi found that   ilio velocity oi both 

11 it    nul   (.oniprcssi vc  waves   in Ottawa  sand   varied  with  the   0>2S  poiMf 

i 
a<   confining  prcisurai   Move  2000  lb./ft.       At   lower press ires  he   found 

l hat   i ho   power  MM   Ivtweon  the   1/3   and  the   1/J  poweit..     TIM   leaulls   in 

uus   i nvosl ij'.at i on  also  ihowod  Lliat   fhc variation  of velocity with con- 

riuiim   presiura  MM  With  the  0.25  power  a'   pr. saures   above   '000   lb./ft.^ 

Ihus,   the   FMultl    ire   in  very  i;ood   aurcen.ent   with   those   obtaiti'-'u  by 

Hardm.     FiRures   i-t'l   and   3-43   show  the   results  of   '■■sts   by  ilardin   tor 

Ottawa  sand.     Rla measurements  did  not   Includi   an  evaluation  of  the  ampli- 

tude  of   vibrations,   but   thev  are  estimated   to be   in  the  order  of   5  x  lO"-1 

rad.   tor   torsion   ind   2   x   10" 4   in.   tor  compi cs-ii i^n. 

KfTcct   of   amplitude.     Ilardin   found   that   Lin re  was   a  decrease   in 

t lie   shear wave   velocity  of  about   "i  per  cent   when  the  amplitude  was   in- 

creased   by  a   factor  of  3.0.     Duffy  and Mindlln   in   tlitir  experiments   on 

1/8  in,   diameter   steel   balls   found   that   a   reduction  in  amplitude   from 

12 x  10"     in.   to  2  x  10"     in.   resulted  in   a   1   pi i    cent   increase  of 

velocity.    Variatl Tir,  as  great  as   10  to  15  per cent   in velocity were , 

found   in   the   present  work,   but   i.'ucr.e  were  measured   over  a much  greater 

range   of  amplitudes   than  those  above. 
i 

Comparison with Theoretical  Results 

Effect   ot   Lonfimng pressure.     The   theory  of  DutCy   and Minc.lin 

predicts   that   the  stress  wave velocities   for  granular materials will 
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.arv u . i ii  tlH   I /1> powi r  oi   COBflatllg  pressure.     lins   is  bjscd  upon  ptr- 

liit    •.,!'. ;.      ptektti   In    .   t.uc     vn'i riJ  cubic   array.     A  squ.irc   packing  of 

.pli.'i.       il^.-  nridiit.    a VMtittiou of velocity with  i ii-   l/(  pow(>r ot   con- 

ttntni  prilssiirv'       llh    r'.per imiMU al   rosults  ot  Dtitty  ami  Mindliu  nii/w«. 1 

!  ii    th.1   .ariatlon  at   low COaflMlSg  pressures  was  with  ^honf   fl,"   I "i 

po»ur  of  conflninR prcsfure.    As  the   :ontlnin^  pressure was  incredscd 

: li.'  variation n.ore  closely  approached  the   l/( power.    Thus,  granular 

m,i   ^. .if  ,.riw rh  ^j-p  quite   different   tnan steel   «spher»«  i.'oii|H  t^»  lilMljf 

to vary with  a  power  j'reater  than  the   l/f>  BtMttt    The  .»yperi ment al 

i'-a>'>i.^   wtti.^ii  niuicuLc  d  vdji.dLiuii wiiii thf   i /-♦  power  at   hi^Uei   con* 

(Inlng pressures  a^ree  quit" well  wlien  f.he difference  between  the 

artual   and   theor'tical  material   is   considered. 

The   Lheory of  Duffy  and Mindlin  also  predicts  that   the variation 

of   logarithmic  decrement  will   he with tlie  -l/J  power of  confining 

prcsdurc.     Results   in  this   investigation  indicated  a trend  towards  a 

decrease   of   logarithmic  dpcrütnent   '''h con;iiiing  pressure,   hut   'ho 

results were  not   consistent  enough to dotemune exactly wha.   the var- 

ia:ion was. 

Kffect   ot   amplitude.    The  theory of  Pisarenl-c. predicts   that   ror  a 

material with  a  non-linear ctress-strain relati.m.ship  the   frequency will 

decrease with  an increase  ci   amplitude of vibration.    Ihe maximum amplitude 

for various values of exciting force will  He on a line which  forms  a second 

degree  parabola with  an  origin and  vertical   tangent   at   Hf/fm^    =1.0 

Experimental   risults   üu  Gn-rtwa »ami  and  glass  heads  show  that   the maximum 

c-mplitude   for various  exciting  force,   lies  on  a curve   indicated  In Fig. 

,'l-37 which  Is  concave  upvard  Instead of concave  downward  as  predicted  by 

Pisarenko's  theory.     The  theory might  possiuly  iuJlcaLu  ,i different   rel nt lonship 
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li, i i ■ . ■(   Mini   .i  dlffcranl   ■■•ua^ClM  for  tiie  non-linear  stress- 

si rain   r^ I ,il i MHbl |> 

Ih.    tlicury  of  D.uiy  diid M'.ndliii  predicts  that   the  logarlthnlc 

,iii   ;,ir  .1 ilr>   granular mai>rial   is  proportional   to  the  amplitudf- 

1   vi hr,it i on.    T\\v  cxpcrimi'iu al   ri'sulls  as meaenred  tend to  agree   in 

that   thtn   l§   in    ni-rf^st»  of   Janping with amplitude.     Hnwfvor.   loC  any 

DM  ditav curve   the   logarithmic  decrement   was  generally  independent   of 

amplitudi   a»  Ji.scrlboJ  unJev  presi. ntat Ion  of   fMultSa    The  glasr   beads 

showed  ■ greater variation of   logarithmic  decrement with ampliuide  than 

the  Ottawa  sind.    Tins   seems  reasonahle   as  the  glass   beads  are  closer 

to  a perfect  mai.erial   than  the  Oi-awa ».»IUI . 
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IV.      STATIC   il-.STS   1 OR   DF.iF.KMINATION  OF 

SPEC I lie   IMMFIN'.  (.APACli'V 

.■ .   si.itid   in  IcCtlOH  II   it    is  possible   to calculate   Llic-   sppcitit 

■ping  capacity   trom  the  liystorcsis   loop.     In order  to  investigate   this 

I   ■ i ,i hi 1 i t v  .TII  .'pp.nalHS  was  dosli-'nod   and   built  which makes   it   possible 

to determine  'he   shape  of  the  hvsterc sis   loop  for  the  special   case  of   a 

lylindrical   sand  ipcdBM  smjected  to  torsional   forces.     A ti tal   of  36 

t'sts  en dry,  dense Ottawa  sand was  conducted  using different  stress 

levels  and  cnnfinlnj', pressures. 

/pparat us 

Figure 'i-l   show?  the   apparaLus  used   for  the  torsion  tests.    The 

specimen is  confined  by a  rubber membrani1   and   two  plastic  caps.     It   Is 

, pproximately  10"   long and  has  a  iiMHtei   oi   l.V.    Tlii.-,  specimen  is 

fixed  In  a horizontal   position  on I  ItMl   frame  in  such a way  that   one 

r tp  is   in  rigid  contact   with  the   irame  while   the   Dllwff   is  able   to  tüiu 

a-ound  an  adjustable  pivot,     A possible  slip between  sample  and  caps 

Ll  pievented  by a  thin   layer  of.   sand  which lias  been glued  to the 

s  rface  of  the  caps. 

The  confining  pressure  on   the   sample  can  be  contiolled  through  a 

»'acuuin  line  connected  to the   fixed end cap. 

Torsional  moments  tan  be   applied   to  the   sample   through  a  balancf-d 

loam which  is  fixed   to t lit   free  end  cap      This  beam Is  rigged  up  as   a 

lalance    with  two pans,  which  can be   loaded with weights  to give  the   desired 

listing moment  in cither direction. 



Rubhcr 
niombr,ine 

Fixed  fnd  rip 

Rnbb-r 0   ■in^. 

Vcic.mm 

St.ul Ktv 
-I'l'iP    cli.i    ( flp 

, R.il 1   beari nt 

-Pi\c<t 

ElUt     KLKVAllOM 

I.cver   iirm 
(drt aiI   see 
MCtlOD   A-A) 

Rubber  d-nn« 

Frame 

Micri'meter   ( f Ixi'd   on   but   clert r i i ril ly 
insului «••I   ii"-"   ■ r^nc ) 

lall  bcMrtai for pivot 

EECTTfV!    A A 

Ki. .   -.-1.   -    Apparatus   tot Torsion Test   rn  Sand 

i   HI 
» In 
1!  IP 
B   lii 
I1   111 



I 1-3 

AiiKi:l.ii  daflcctloM i>f tu« spi-cimi'ii tg* M iturad hy klw v«rtlc«l 

■OV«a*«t   ol   an  ■lactri.Ml   conOct   point   im  t lie   bo.-im.     Th.-  actual   WMurlag 

La   i» a aicraMtcf (accuracy Itr4 inch) Hhidi la fixed on,  but 

•lactrically   Lnaulatad   frum,   the   frame.     Thr.>iiK,h   .in  olectriral   elfCtHt 

- im L, i-Olinmu'L! i-t ramf-pivot-bcam-contnet   point)   it   is   BOMtbt 1   L .. 

arva  tha  exact   aaaMM   of  contact   between  the r.icr^ctcr  and  tha   contact 

point.    Thus,   the  vertical  position of  the  rontflrt   point   can be  dttermi ned 

wUhout   loading  the  beam with a  foCM   ttm the mi cromeuer. 

I he   spoci meus 

All   specimens  were  prepared   fror: oven-dried Ottawa  sand,  vhich 

was   found  to  have  the  urain  size  distribuLiou 

Sieve No. 
20 
30 
40 
6Ü 
80 

140 

X   Passirm 

99,Q 
35.7 
b.2 
1.2 
0.4 
0.1 

-nrj the specific gravity (^ = 2.66. 

The specimens were compacte ' by vibration to maximum density 

corresponding to an approximate void ratio of e = 0.49. 

Tbe tortiMMl strength of the above type of specimen was determined 

at two different values of confining pressure.  Th? tallurc moment being 

defined as the moment which gave an angular deformation of 5 x lo'3 radians 

per inch. The results of these tests are given on Fig. 4-2. 

Repeated loading tests 

In this type of tests the specimen is subjected to a moment which 

is varied in steps between two levels.  For each step the correspondinr 

deformation is observed and the test result is a curve showing the re- 

lationship between motrent and angular deformation of the sample.  A 

typical test result is shown on Fig. 4-3, which also defines the terms 
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Initial   load,   iaplitudi   ■ i   load,  ,.ii m mum and naxiwn   tuad  and  load 

in. I. .,,, ni . 

!i   i i.i bi   ■     n  thai   tha WMI   iayortanl   varlabiai of ttu   u ,i ,   u. 

i      ('..'ni i n i: ( preaaure (vac uuu) 

2 Ampl 1 l ml       ■;    ! .\ul   ( BOMnl ) 

3 Initial    I ■ Mil   (inonii'iil ) 

rcati  van  carried  out   at   LWO  levels  ol   coaflulng pressure, namely 

if^L   bvilaa   L   vit'.->i   l-ioy   .it   12ö psi   {'6 3  kg/ cm  ) 

lest   series  11   (.lests  22-39)   at   8  S   (0  b  kg/cm^) 

The   amplitud.^   of   load   and  the  initial    load  were   varied  as   sliown  un  Fig 

4-4        On   fhi^:    fitnire   t lip   moment    has   IHM n   ovnrt'RseH   in   t^rms   of   the 

unbalanced   load  on  the  ripht   pan   (see  Fig     '-1)       'Ihic r.cacv.rc   tot 

the  moment   will   be   used  several   times   belo^   fust   as   the  movement   of  the 

contact   point   will   ho   used  as   a measure   for   the   angular deformation  of 

the  specimen 

Two more  variables  shotld  he   CMWlrferea,   namely 

4 Rate  of  testing   (time) 

3.     Stress history of  the  sampK 

As  to the   rate   of  testing it   should  be  noted   thai    3    iiiain  creep was 

observed  and  tie  testing procedure  was   therefore  de    igned   in such  a 

way  that   the  simple   was  allowed  to  reach a  stationary  condition under 

each new  loading before  the  corresponding deformation was   rtcorderl 

It   each  of  Chi   36  tests wer«,   carried   out   on   l resh  aadplos   the 

stress  history would  he well   defined.,   but   this  waa   not   t.lu   eaaa   for 

the  present   tests where  18  tests  uerc   carried  out   successively on the 

samp  sample       However,   it   can be   sh iwn  that   the  stress  history  is  of 

little   Importance  provided  the   sign  of   the  moment   changes  between eicli 

test       Consider Fig     -*-4  and  imagine   that   three experiments  are   carried 

out ' 

I 

II 
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i .,'    (■)    i'si  io.   1  on   i  tr..sh tampl» 

Expi   (l>)    I  ll   w".   2  ;'ii  a  fresh  sampl,- 

Bxp.    (t)      i    si   Nu.    2   mi   iiu'   .-.aiii^lf   i..,e I    lot    iosl   No.    1 

(,i)  md Bxpi   vi1, :... .: , because of cynnctryi give  the  eaac  rotult 

i j lita siyn.   If Exp, (a) gives llu- saini- result fexcept for the 

II Bxp, (e) it can, therefore, bo concluded that the stress history 

Ho. ' x, '...- im efl fl the reauli o£ Exp. (c).  loth n::p. (a) Mti 

Exp. (c) were carried out« A check on the results ol Test No. 1 and Test 

No. 2 will show that, within the accuracy of the tests, they give exactly 

i IK same result with opposite sign. This equivalence does not Include the 

tivst loop which seems to be very dependent on the stress history.  A 

similar comparison can be made between Tests No. 13 and 14, etc. 

It can, therefore, be concluded that all the tests gave approxinfltely 

the same results as they would have given it they had been carried out on 

fresh samples. This evidence is supported by the fact that no significant 

change in void ratio was observed when measurements were made between Indi- 

vidual tests In each series. 

During each test the loop was repeated 16 times but observatiens of 

the deformatlrns wore made only for loops Nos. 1, 2, 4, 8, 12 and lb.  A 

typical set of observations (Test No. 32) Is shown In the upper part of 

Table 4-1. The points referred to in this table are the points shown on 

the nth loop in Fig. 4-3. 

Tieatment of test results 

For each test the results will plot approxlnately as Fig. 4-3, but 

diu- to .uc United accuracy of thfl tests and the fact thdt the higher order 

loops wi .'1 plot on top of each other, one will find that this type of plot 

ij Inconvemeu" in describing the observed load-deformat i nn relati onslilp. 
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i tins,   11   is  n,' eitary to  look  for otiMt MWI  ol   pieäcnLi.ig ilie rest 

rctultSi     Kxam'. ci.it i mi  of   tlin data   imlicatcs   Chat   two  factors   are  ot 

i apor t .iiiri',   nano 1 v: 

i .     I'll'-   .S1I.H|K    ol   t he  nt li   1 oof 

2,    The position of tho nt-h loop 

I lu ';'iapc of the nth loop Is completely described by Its coi)rdindleb 

in relation to ttw COOtdllMtt UMi ii In tiy. • ii       I'bsM aALo nave 

their origin in the center of gravity ot the loop.  The new joordlnates 

die called reduced load and reduced deformation respectively and they 

are readily calculated for each point of the loop fruin the foimulas 

Initial load Reduced 
load 

Reduced 
deformation 

Load on 
pan 

Observed 
deformation 

Mean of observed deformation 
for all points in the loop 

The position of the nth loop In relation to thp original axps is deter- 

mined by the coordinates to the origin of axes II.  However, as the 

first loop it, ailected by the stress history, we Ju nut know the point 

of true zero deformation. The absolute position of the nth loop can, 

therefore, not be determined from the available test result.  By choosing 

arbitrarily A  system of coordinates (axes I in Kig. 4-3) which has its 

origin at the center of gravity for the entire set of observations ve 

can, however, find the position of the nth loop relative to any other 

loop.  Using the centers of gravity for the individual loops as reference 

wc have: 

Reduced position 
of nth loop 

Mean of observations 
for nth loop 

Mean of all 
observati ons 

These cooidinates are shown in rne last column of fable 4-1 
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The hlatc   i i 

On  Fig.   4-r)   Is   plotted what  will   bi'   calii'd   a  hi btogram   £ur  Ti"_.t 

No.   12,     Tho  htltogm !■   a  K^apli  showing   L1U
J
   ti'ducecl  deformat iona 

>tiiiiii"i above as ■ function of th« lognHtl >i the  loop number.    Bach 

line in the graph rfpr?st.>nts a certain reduced  load (aonent) and the 

i,. ihoin OB tin-- first obaervatlona carreapoad to the nuabeti itwrn 

on the nth loop on Fig. 4-3. 

The entire sy.stem of lines gives a good picture of the vaiiatlon 

of the chape of the loops.  Noting that a series of equal loops would 

correspond to a system of parallel linos it can be concluded from the 

histogram that aa the loop niimber increases the shape of the loop approaches 

a limit, tins Halting loop Hill be called the specific loop.  The reduced 

coordinates to the specific loop can with good approximation be calculated 

as the average of the reduced coordinates of the 4, 8, 12 and 16th loops 

Next to the histogram is shown the corresponding loop which was calculated 

as an average ot tests Nos. 32 a.id 33. 

Coetficient of creep 

The heavy curve shown on Fig. 4-b is a plot of Uie reduced position 

of the nth loop agai"3t the logarithm of the loop number. 

For all 36 tests it was found that for n> 2 ihis cuive plotted H 

a straight line. This neaus that .:hc absolute distance to the center of 

gravity for the nth loop can be written as: 

an =   a, +- c,r U n (4-1) 

whore  Cj,  is a constant deformation which depends on the stress 
history of the sample, and 
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I   I   COtl   tin!    vli 11 h   •   iii   IH    . .I K ., I UU it   t r..i»  l\u     11 .ijjt 

ol   i hi    lini .     rhf s constant   will   in tlM   CollowlBg hv 
-ull.i   '.lu    i  ii ; ; , , i. , .       :    , ;,.      It   bM   tht   i'l .r» ii-.i ■ .. 
ill    .!    '    !:;. i1 i i.ii. 

i.'■ ■ ' )   •;. .    thm    thl     h r.t iiu-f  hrtwr-cn  the   n?h    Tifl   '}>■ 

I    ,    ,     |oO|    ■  ■ 

^nn   -^ u üi1 

n 

h  '    ;, ;!i  r   irlth  thi   -p.'fific   1 r.)p  |lVM  a good description  of   tue 

ivtor  o£   tin   si riss-sitain  iclat   onship   for  lar^e   valuer   of   n.     Iht 

r     nil   at  each  ti'St   is,   thcrttoro,   icportcd   .i.s   the   nnmcTical   value   of 

r     uhirb  is  cHv.-n  in  Tab*«  i-lfl,   anH   thp   redncfi)   rnrirdinat es   to the 

Iflc   h'up which aru   y,ivon  In Tablc-s i-i  to 4»7. 

' ""siderations  of   symmet ry 

Ihc  acciracv  of  the  lest   results  can  be  somewhat   Improved  by making 

...    ol   •iVTraiictry.    Tests  Nos.   I  and  2  giv«:    Ifft'TViWttt 11"  ihc  same   result 

itli  opposite   sign,  v;>,fch   Is  not   surprlaln.'   as   tlu   main  diffrrencc   b( ■ 

i  ll.t   iwr tests   ih   a  changi    in  the  direction of   r h(> momtnt .     AstMBtny 

ttMM   t ;.   äyrar.etry  exist»,   the  accuracy  of  th^   t( -'   rMultl   tan  UL   layrov«d 

by  tdkinR the  average  of   the  two  tc-sts.     Sii.nKir  eonblderati ons  can   I' 

muit   fir  Tests Nos.   3  and 4  up  ii>   1)  and   1A,   and  trim 22  to 23  up  to   V. 

uid   JV 

A  study   of   the  ri'sults  alao  shows   thai   all   the   »pecifie   itmpo   aii 

i:   ui,   symmi't ri cal   around  their  center  of  gravity.     it   it   is   assrmid   that 

i       .ymnk t ry  la  exact,   the   test   results   can  be   imj-i   vc .i  OMI   morf   'iv 

i     . aging  itis  two  s.dts   or  the   loop       the  above  MiculstiOM   MM madi 

lot  all   the  tests   ^nd  the   results   are  shown  in Tables  k'l  t.   4-7. 



." ' 1 Eic loop 

hr.m  Kq,    ('.   -)   ir.   is   m   4«li    that    lot   vci y   lai»',.    Ml  IM   »I   >i   tlicie 

I« virtually M itffarrac« in i lu   pustti«   "i  •ttc«M4iag loaf«.    HIL-  load- 

d      ,   ,M      relMttonthlp can ttwrefart ht iMcrtbed •■ i simf)!.' r«p«tlti   i 

,    .11,. r     -i   situation which   is  v   ry  slirllar  tu  the  b.'havi- 

Itcrial   nnHor   ilynamic   loading   (set-  scctinn  11)       Assuming   th^t   the 

clflc   loop   is   rqui v.il«_iit   to   the  ilyndini i  hy.steresis   1 Jop  the-   spuciftc 

,   n    ^ dpacity  was  ».alculatcd   for  all   tests  ^slng 

AW 
w 

(2-13) 

where     Aw  is   the  area  of  the  specific   loop  and    W     is   the  potential 

enerp.y  at  maximum amplitud»'.        A    H was   readily calculated   firom the 

coordinates  to the  specific  loop  and    W    .vas  assumed  to be  equal   to  the 

area  of  the  trlMglt  ABC  shown  on  Fig.  4-3.     The  results  of   the  calcula- 

tions  are  shown  in the  summary Tables -'.-8  and 4-9       In  the  same  tables 

are  shown values  of   the   loearinhmic decrement   calculated   from  formula  ^2-14) 

The  dynamic  snear moduli   have  been  calculated  for  all   tests   from the 

formula 

(4-3) 

where     Ö = the amplitude of deformation (iad./in.) 

N\    ■ the anplitudi BI moment (lbs./in.) 

Q     =  diameter of specimen (in.) 
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4- 15 

I In.'   rMulkl  ''l   thi  edculctlOMI  arc   siiown  In   fihles 4-8  and 4-9       In  I IK 

in-,    i ihh s  .iii'   stMwn  «/alni's  of   the velocity  ol   i in.'  shear w-ive  calculated 

i i .i. i lu"   torwui a 

«4 '\ 3S'. 
■ 

1 

! 

I 

whera   ^  ■  atcelcratlon of pravlty and 

Jr =  iinil weight of t'ne sample 

Dlacuaatoa of t-est result s 

A description was given ot the method whereby the load-delonr.at ion 

relationship for large loop numbers can be descrloeil by the :oeffieient of 

creep and the •MClftc loop,  7t was also nuted that due to the effect oi 

stress history on the first loops, It is not posuible to obtain any in- 

frirmaclon about the absolute deformations from the available test results. 

Assuming th*f I'-.e specific loop corresponds to the dynamic hysteresia 

loop, calculations were made for the dynamic properties of specific damping 

capacity, dynamic shear modulus, and the velocity of the sht .^r wave. 

In order to be able to compare these latter results -«Hh the result- 

of dynamic tests several graphs were prepared. 

Figure 4-6 shows the relationship between the relative amplltude"of 

moment and damping.  It appears from this graph that thr- relationship is 

independent of the confining pressure.  It also appears that the danping 

depends on the initial load.  Ihe symmetrical teals (no initial load) sliowcd 

a much higher damping than the asymmetrical tests. This is posslbl> d.ic  to 

^ relaxation of prestrain effects when the direction of the momeni i ,-■ 

reversed.  For the tests In which the direction of the moment was unciiangi u 

it was found that the damping increased with increasing lalcial load. 
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riHu(i   .-7 than» tiK  vai-i.ituMi of imflmt wtrt  iiitudt-. of dcforaatio«. 

A^  could   bt  tXf«Ct«d   tlM  darrpiiv:   laCtVMM  "11 h  amplitncti'  ami  4«craM«a 

With  tlu-   CMflniH   pressurf.     Just   as   AflV«  • aistinct   di t tc-rc-nct   bstWM I 

 ,i   wttl   ..,-...mn.ti-Ual   tests  VM   found.     A  comparison  bCtWM«   lb« 

rctultl  of   tlu-  .svnmctrlcal   rttCf   and  similaf  dynami i;  lest:?  in  tlu   low 

itude   rani;n   shows  that   tl.c- damping calculated   from  flu   pc«MHM   t**tt 

ll   of   tho   same  magnitude   as   the  damping  f.nnul   from dynamic  tests.     No 

dynamic  tosLs   rvsults  are   available   tot  comparison with the  asynmetricai 

tests.    The variation of  the  calculated velocity  of  shear waves  with 

amplitude  of  deformation is  shown  on  Fig.  4-8.    The v.lues  calculated 

from the  symmetrical   tests   are  10%  -  207,  lower  than  tre  corresponding 

values measured  in dynamic   tests. 

Figure 4-0  shows  the  relationship  between  the  coefficient   of  creep 

and   the   initial  moment.     It   is  evident   from  this  graph that   the   creep 

iiicreases with  increasing  initial   load  and  amplitude  of moment. 
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7FST TNI 1 t 11 

MMCNI 
AMPl.ll. 1)1. 
OF  MOMF.NT 

C  0 1  P  F I  f 1   F.  N 1 )F    C R t  F.  P 

NO. As:, uino S^'miTK »"   .... 
in . -1bs . in.-'1-.:. 

10 

" 

lir1   \r\ 10" ruo   /in 

1 

2. 
o,:ir> 0. ili 1    5.0 

-   2.5 
I.I 0.4 

i... - 0,515 *   9  5 

.0.0 
|   fi I 0 

2.575 0.513 + 18.5 

-18.7 
IK.6 4   2 

8, 

'ft 
ft 

oo 

3.605 0.515 + 33.2 

-10 0 
21.6 

Q. 

10. 

Cl 

1 .039 1.030 I   I  8 

-   6.7 
8.3 1.9 

11 
12. E 

I.OM ' .030 1 13.9 
-30   ) 

II   8 7.3 

13. 
14. 

a 
o 
m 

2.0^0 2.060 
4 36.4 

-20.2 
23.: 6  5 

IS. > 0 0  ^18 Nn (rnnp  was ob«"r"/cd tor 

16. 0 1.236 

17. 0 3.090 lat Ke loop nurb..' rs 

It. 0 4.120 

22. 
23. 

'J.JB» 0.3H6 
+   6 ,K 

■•   3.0 
4.9 1.1 

24. 

25. 
1 .159 0.386 

+ 10.6 

-24 .4 
17.5 4   0 

26. 
27. .^ 1.931 0.386 

118 0 
-   6.0 

12  0 2.7 

29. 

a 

■ 
2./ü^ 0.3 »6 

fW.5 
-->6   5 

56.5 ! 2 .9 

30. 

11. 
0.773 0.773 

+  6.2 
-     \  .■'♦ 

I.J 1.2 

St. 
3.'. 

E 

3 

2.318 0.773 
+ 52.6 
-58.6 

55.6 i.:. ; 

34. 

35. 
> 

1.54 5 1.545 +4:;.3 

+40.0 
41.7 9  5 

36. 0 0.i.64 No cr eep was observed for 

37. 0 0.927 

38. 0 2.'!18 1.-. -g0 loop  numb rs 

39. 0 3.090 

hcte:  For definition sac Equation (4-1) 

TABLE 4-10. - Coefficipnts of Creep 
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V.    ':o\n.ii;-;ioNS 

Tk« coaclualoaa abtctiMd ttom thla itydy MCI   ■  rii> appi,  to 

I«!   boils  which  IMV4   in.-. .1   -Kh.,., (,,1   ,,,  ..,.,,...1   ,,,:,i   1,.-,,. r, .Lion.s  and 

bava icuiud ■ r«t«tiv«l)  atakl« eoadiciga,    This e«rc«afM4a to con- 

•trucclM csadiiioat MlMtt  tbm sou boa b«M pre viteatad of pra-coapactad 

LO aliaiaata tha ilaaatroua aatclaaMata which M} a!company the Cirat dy- 

naaic  load applicatioa on  looaa gtamiiai  «o.'ls. 

Fron,  til.'   .steady   M.itc  vibration  t«ata  on   -ranular matci ialh,   the 

results   tor   the  Ottawa   sand  and  ,i;lass  hi ads  gave   rtsuU»  which   shouiu 

he   typical   tor   sands  with   rounded   giaii.s.      A  detailed  discussion   of   these 

results   is   |1VM   in  Section   III-D  and   the mote   Inymailt  conclusions  ate 

listed  below: 

'.      Both   the   shear   and   compression  IMVa   Valacitiaa   Jeciea.-e   as   the 

anplitude  of  vibration   is   increased.     This  decrease may  be  as 

much  as   iti  Co   ii  jjv-r   cent   as   the  double  amnlitude   is   increased 

from   1  |   10"5  to ) |   l(,'3   rad.    in  the   akeai   tcata  or   from 

1  x   10"     to  2.i x   10*     in.   in   the  COB^raaaioa  tests.     The 

stresses  developed  at   the   maximum amplitudes were  as  high as 

20  per  cent   ot   rhe   f.-.ilnr..   strett   in   sc-me  teotO 

2.     The  effects  on wave  velocicies   produced  by  changes  of   void 

ratio  fror.)  the densest   i-o  the   loosest   condition   is  also about 

10  ta   U  per   cent.     Thus   void   ra:io changes  and  chaiges  of   ampli- 

tude   influence  the  wave  velcciiits  !y   comparable  amounts. 



j,    tb« WJIVI   v. loi Uie« an      : ■;;.: :■ anl ly «ti-'cl i ''■■"■,' ■   '" 

iln    prci    ii Indicated  h<   11 »■ i '■   I Igi    J--10 

Cbrougli   >-4l      Fui   •  «il   nlo    r.'■Miri's abovf  2000  lb tit  '   t** 

riaclon oi   w«v<   v«lcclt)   In ultb tb« D.25 pow« >   »1   tb<  '"'■'" 

fining pre«MUti     01   t'l«  Ottawa  sand and  si«! baada  No    -^i 

Tlu   variation «a« with  tha 0 21  powai   of  ptaaaura  Coi   tba 

■ laaa bead« No    COl        loCb o\   tbaa«   valui    u i   icaatai  tb^n 

tba o. ib/  powai   givan tbooratlcAll)   foi   tb«   talation batwaan 

wava  veloclt)  and contlning preaaui ■ 

4      Poi   drj  Ottawa aand tha   logarithmic dactaawnt varies with aboaL 

tb«  Ü.2J powai  "■   "('Mill.      gaturalad Ultawa aand abowi  Llttla 

variation 'ii   lagarIthaili   deeramani with M^lltuda      Tbarafera, 

LII,  awount ol  daaiplng contrlhutad by   tha watai  ai . Lly  la« 

craaaaa a., th« Hvlltuda ol  vlbi   • Ion dairaaaaa     Tho vacUdoa 

oi   LogatUlMlc dacrMaant with ■nplltudi   tm  «ias;. IMMJI NO    16*1 

la with Liu' o.'ib powat lei  t-'"- dry condition   lad with tha o.is 

powai vvlnu aaturatad with wat* x. 

5.     The  damping  duUnriiu'd   I i oin   l he  dora)   ol   Itaady   ItaC«  vibrations 

in M^laa ui towodad graaulai aatarial« h<>havai   Ilka VIKOM 

damping.    Ria valuai of   logariihüiii.  decraoMinc vatiad tro« 0 02 to 

about 0.20 Cot  tho vatuMia natarlali   and taat condltlona ubid 

b.    TU», static  tocaloa taata on ianoa Ottawa sand warn run ptlaiatlly 

to induate tba tffact ot  aplltudaa which apfcoacbad tha (alluta 

BOndltlMM.      Figure   4-0   (p     4-lt))   i i 1 astral es   tlu   variation   of 

damping fuaatltlaa with toraloaal  loadi up to Ii pa» coot ot  tha 

{alluta  load tor tha two conClalai praaoutaa uaad      Utga values 

oi damping ars associated with loads near Calltira 
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7.    '.ii   lecoiuj purpose lot   cha .•■.itn.  damping L"st s nai to ivclufl« 

UK- »Itseta o(   .-.in..'-.'  bl*toc)  ^.i thu daiplng values.    IN« tosti 

n-iiii;'   aoUA]   t'iLi^   .'in!   Minus   tOCOIMS    (.sy Hunt-i i it u 1   LltSLSJ   .-ilioWtd 

highcx xil'U'. oi  dastplng than i or tba t«>ta usin^ tijiiip;irab!. 

L.iii.i.c   Mgnltlidos  applied   in  OR«  diCftCtion  only   (unsymmetr teal 

t«i>tS)a        ID   tb«     UlLLel     LL'sLt.    lilt   da.npill^   thai'at I ct i S t it S   could 

ba dasctibad In tatMi   oi   a apei iElc  loopi a ahapa oi   tin.  byatat* 

aala   loop,  ana ,i i uci i it it-m  cj E£ai£i wblch  itidtcs cru- niean 

sriain in tba  Loop L<J tba nusbai ot   loop applications     This 

creep  ettetL  apptaitd   Lo  be  toi.t inuous,   varying almost   linearly 

With   tka   logariLhm  ol    i he   nui.ibei   ot    loops,   and   the  creep   rate 

increased with   the   torque   amplitude. 

Ü.     Values  of   the   logar ii.hnut   deer finent   obtained   trom  ihe   symmetrical 

static   torsion  tests were  approximately  the   same  3=   those  obtained 

from  the  dynamic   tests,   for   tomparable  test  conditions. 

9.     Values  of   shear  wave  velocity  computed  usin.;   tiu   hysteresiK 

ir.oculus   from the   static   oheat   tests  were   10  to  20 pel   tent    lower 

than  the  corresptnding  values measured   in  the   dvnamic   Lest■ 

Dynamic   tests  on  the  Novaculite   No.    1250,   a  vtry   finj-graintd  OlMhod 

quartz,   produced  results which were  sonewhat   diljennt   from those  obtained 

from  the   larger  grained materii.ls.     The  primary  ditferercc   la   thai   tlie  wave 

velocity  and  damping  valuef   obtained   ttiM   laboratory   tests  are  dependent 

upon   the  stress  history  and  upon  the  time   the   loading  has  been  applied.     The 

wave  velocity   increases  slightly  as  a  pailiculat   confining pitssuie  continues 

to be  applied   Lo  a  apcLiwa.     lowavat a   it  IMS   also  found   that  higher   ampli- 

tudes  of  vibration   tend  to destroy   this   time-dependent   increase   in  velocity. 

Fuithet   invest i,.at ions  are   required   in  order   to  evaluali1   tba  t ime-dt pendent 



b-: 

i,u ,.•,,■-,■■  in wav« velocity  (ami Q«cr««M« <J!  dampiug) wad iii^  wlbtatlooal 

..i       ., qU i i, i  u   leati oy  tbla ni I n. 

Poi   comparaole condidona ol ceafiniug praaaui;* and vplltuda oi 

vlbrai Lona,  tb«   Hovaculltc Ka    125CI b«a a aiinificancly   l.-wur valua ol 

i,    uiilimu  dacrement  than thmc  ! ot  tho oitaw.i ».mJ     Ibla  la In  line 

v.itli   th«   teat   raaulca   t" i r   tin-  |l«ia  beads   No.   0(;1?   which  are con-idi/i ably 

lowvi than ioi   tba Largai diaaMtai glaaa h. ui.s ,.r Ottawa iand     Ibua tb« 

'■aiue ol   logat ittimU  dectMawat sfenus ta dacraaaa aa clu. avacaga gtain 

6 lea deccaaaaa. 

fintiiy,   It oiiuuld b>   ta>«apbaaiaad ihat in«,  LU.SL^ dcati ■.bod B«r«la 

.-.re eaocarned with thi. wava propagaCioa and damping in granular ■ateciala 

which an- la a atabla coadltlea      because tba dafecaattoaa are racavatabla 

when the icraaaai art   below abaut 20 per eaai of tba failure atcaaa,  the 

behavior of the raierial in this range has lieen cermed "clastic" although 

damping la iafiattal] praaabt.  The ordei of magnitude of the logarithmic 

decrtnent is generally below (1.2 for the test conditions used.  This 

defines a valu.i of    ^'Cc* = u-03 ll u •'••^J' SLilL'-' response is to be 

considered.  The damping due to dispersion of clastic waves in an idea.. 

medium can be estimated by procedure:- similar to that illustrated In 

ja r s 
Sect ion IT-D.  A value of    /(^ ? '   t-orresponding to    /ccc    . t'dn 

be expressed b> 

P a 9/ 

Tö 
(£ui {l.'lb) 

where 6 = ^o/pr      tor th- oscillating footing.  thus a compat ison can IN 

mede between the material damping and dispersion damping 

tion system. 

Ing lot a given founda- 

I 
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